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Abstract—Massive Multiple-input and Multiple-output (MIMO) 

is considered as a solution to the next generation cellular 

systems. It is visualized to provide extensive upgrade in 

capacity, along with the computational complexity as well as 

hardware. The main drawback of massive MIMO is the 

computational complexity in pre-coding, particularly when the 

“relative antenna-efficient Regularized Zero-Forcing (RZF)” is 

chosen to simplify Maximum Ratio Transmission (MRT). In 

this work, we propose to use the beam-forming methods, 

especially a hybrid pre-coding to reduce the system complexity 

in Massive MIMO. However, not only the system complexity, 

but also the computational complexity in pre-coding is the 

significant issue. In this regard, we propose another technique 

called Truncated Polynomial Expansion (TPE) pre-coding. It 

can emulate the same advantages of RZF, while offering the 

lower and extensible computational complexity that is 

achievable in an efficient pipelined fashion. By using random 

matrix theory, we can derive a closed-form expression of the 

SINR under TPE pre-coding. The proposed scheme is executed 

in an ideal Rayleigh fading channels, so that it produces highly 

desirable performance. Finally, we compare the results achieved 

from our proposed TPE pre-coding using three lower orders 

with RZF under various Channel State Information (CSI). It is 

obvious that our proposed method can provide the closest match 

to RZF, while the computational complexity is lower.  
 

Index Terms—Massive MIMO, Zero-Forcing (ZF) pre-coding, 

RZF 

I. INTRODUCTION 

Wireless communication is defined as “the 

transmission of information over a distance without the 

help of wires, cables or any other forms of electrical 

conductors.” The sender sends the signals through a 

device that has a capacity to generate electro-magnetic 

signals to the receiver. There are various communication 

platforms such as Satellite, Mobile, Wireless network, 

Infrared and Bluetooth Communications. The main 

objective of all these platforms is to provide the high data 

rates. This desire for higher data rates leads the 

telecommunication engineers to implement new 

technology, such as the 5
th 

Generation Mobile 

communication Technology.  

The invention of 5G has enhanced the coverage, 

signaling & spectral efficiency [1], [2]. There are 
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numerous advantages of 5G technology, namely: (a) High 

resolution along with bi-directional broad bandwidth 

assembling (b) Assembly of all networks on a single 

platform (c) Highly effective and efficient. It is expected 

that technology for 5G cellular communications is 

“Massive MIMO (Multiple-Input Multiple-Output) 

systems [1], [3], which contains a huge number of 

antennas. The number of the antennas at the base station 

is much larger than the number of the user equipment. 

The performance of massive MIMO systems heavily 

relies on the availability of  Channel  State Information 

(CSI) at the Base Station (BS). When the base station 

knows the CSI of the users, it can apply beam-forming 
techniques to improve the spectral and energy efficiencies 

of the system. The pre-coding and combining can be 

performed at the baseband by digital beam-forming 

techniques where it has a full control over the phase and 

amplitude of the signals at/from each antenna element. 

However, the beam-forming algorithms implemented at 

the digital baseband might become very complex [3]. 

Further, if all beam-forming is implemented at baseband 

and RF feed is necessary for each antenna, then, the 

system complexity, cost and loss increase with the 

increment of the number of antennas at high frequency.  

To solve these problems, the hybrid beam-

forming/hybrid pre-coding is proposed where a part of 

beam-forming is executed using only analog instead of 

digital components. There also exists an issue not only 

the system complexity but also the computational 

complexity in the pre-coding. To remedy this issue, a 

different class of “Truncated Polynomial Expansion 

(TPE)” pre-coder that restores the matrix inversion in 

place of matrix polynomial along with some orders of 

truncated polynomial is proposed. We investigate the 

value of TPE order that provides the close match to RZF 

under various Channel State Information (CSI), while 

providing the lower computational complexity. The 

performance is measured in terms of achievable data rate 

by simulation using MATLAB. 

According to the simulations results, it is obvious that 

our proposed TPE with some lower orders can provide 

the close match to RZF. However, the computational 

complexity of our proposed method at high order of TPE 

is quite high comparing to RZF [4].  
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The rest of paper is structured as follows: In section 2, 

we describe the relevant literature review. Section 3 

presents the system model as well as the analysis of RZF 

and TPE. Section 4 presents the results and discussion. 

Finally, we conclude our work in Conclusions section. 

II.  RELATED WORKS 

The ZF pre-coding is simple to implement, but the 

performance is poor [5]. In [5], the RZF is proposed to 

address the drawback of ZF pre-coding and improve its 

performance significantly. Another version of ZF, 

proposed in [6], is a hybrid ZF called PZF (Phased Zero 

Forcing) pre-coding. It is shown that the PZF can reduce 

the system complexity comparing to the ZF pre-coding 

[6]. In [3], the MMSE (Minimum Mean Square Error), 

which is one type of hybrid pre-coding method, is 

considered. It is shown that the computational complexity 

drastically increases with the increment of number of 

antennas in MMSE. The RZF in massive MIMO is 

considered in [7]. Its complexity per coherence time is 

analyzed and provided concretely. The RZF provides a 

good balance between the complexity and the spectral 

efficiency among all linear pre-coding methods. However, 

its computational complexity is still high. The method, 

which can reduce the computation complexity of RZF is 

known as Truncated Polynomial Expansions (TPE) [8]. 

This method is reported to reduce the computational 

complexity and also be easy to implement.  

III.   SYSTEM MODEL 

A. System Model of Hybrid Precoding 

Here, we analyse a downlink communication channel 

which consists of a BS equipped with Nt transmitting 

antennas, driven by a small amount of RF chains (K), as 

shown in Fig. 1. These chains restrict the amount of 

transmitting antennas to be K, so that we can estimate the 

amount of K single-antennas users that should be 

scheduled. The baseband W (of dimension K×K) and the 

RF processing F (of dimension Nt×K) are derived from 

the downlink pre-codings.  

It can be observed that the amplitude and phase 

modifications in the baseband pre-coder W are possible, 

while only the phase changes are possible by the help of 

the phase shifters and the combiners in case of RF 

precoder (F). Therefore, initially the entry of each F is 

normalized, so that it satisfies F
i , j

=1 Nt  where, |Fi,j| 

denotes the magnitude of the (i, j)
th 

element of F.  

 
Fig. 1. Hybrid millimetre wave precoding [9] 

Since, we chose a narrowband flat fading channel, then 

a baseband signal at the k
th

 user is 

  y
k

=h
k

H
FWs+n

k
                                (1)  

Here, h
k

H represents the downlink channel and s ∈ C
K×1

 

represents the signal vector satisfying E ssHé
ë

ù
û= P K( )Ik  

where E[.] is the expectation operator and P is the 

transmitting power at the BS. Baseband is normalized so 

that we can accomplish FW
F

2

= K  such that it obtains 

the total power constraints. Finally, nk denotes the 

additive noise.  

Therefore, the SINR of the received signal at the k
th

 

user is 

  
                      (2) 

where wj denotes the j
th

 column of W. We use Gaussian 

inputs to achieve the long term spectral efficiency as 

follows: 

 R = E log
2

1+ SINR
k( )é

ë
ù
û

k=1

K

å                                 (3) 

B. Block Diagram of the Proposed Method 

Fig. 2 illustrates the block diagram of our investigation 

in massive MIMO. 

 
Fig. 2. Block diagram of our proposed methodology 

Firstly, we investigate the spectral efficiency by 

creating the spectral efficiency of Rayleigh Fading 

channel of both the Digital beam-forming as well as the 

proposed Zero-Forcing of Hybrid beam-forming. Then, 

the spectral efficiencies of both schemes are compared. 

The results are as follows: 

 
Fig. 3. Spectral efficiency for Nt = 128 and K = 4 
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Fig. 4. Spectral efficiency for Nt = 64 and K = 2 

According to the results shown in Fig. 3 and 4, we can 

note that the derived mathematical expressions provide 

exactly the same results as the simulations for the whole 

SINR values. In addition, it is obvious that the PZF [10] 

and Full-Complexity ZF (FC-ZF) pre-coding method 

provide almost the same spectral efficiency for all SINR 

range, thus contributing helpful guidance in designing the 

real time system. 

Next, the achieved average bit rate of various beam-

forming methods, namely Optimal Beam-Forming, 

Transmitted MMSE/Regularized Zero Forcing (RZF) 

Beam-Forming, Zero Forcing Beam-Forming (ZFBF) and 

MRT are compared, as shown in Fig. 5. 

 
Fig. 5. Comparison of linear pre-coding methods [7] 

Here, it can be observed that Transmit MMSE/RZF 

pre-coding provides an approximated result to that of an 

Optimal Beam-Forming, while the RZF pre-coding 

provides the closest approximation of the Optimal Beam- 

Forming at both low and high SNRs. However, the MRT 

(Maximum Ratio Transmission) provides a close 

approximation only at low SNR and ZF pre-coding 

provides a close approximation only at high SNR. 

Therefore, the Hybrid beam-forming is the best and most 

balanced beam-forming among all type of beam-forming 

methods.  

Our main objective is to reduce the complexity, which 

is possible by considering the linear pre-coding method 

whose sub-methods are available [3]. One sub-method 

called Truncated Polynomial Expansions (TPE) is able to 

reduce the computational complexity and also be easy to 

implement. Therefore, we focus mainly on TPE. 

C. System Models of RZF and TPE Precoding 

The system model of linear pre-coding, which is a sub-

method of hybrid pre-coding methods is already 

illustrated. So, let us go through the system model of the 

RZF and TPE, which are the sub-methods of the linear 

precodings.6. In this regard, the analysis of a single-cell 

downlink technique with a flat-fading channel and its 

errors is considered. A system under consideration here 

consists of a Base Station (BS) with M antennas and K 

single-antenna User Terminals (UTs). Its received signal 

can be shown as  

  y
k

= h
k

H
x+n

k
                                (4) 

where, 
 

 denote 

the transmit signal, random channel vector and additive 

complex Gaussian noise with zero mean and variance , 

respectively. Each and every channel vector hk, for k = 

1,…, K is modeled as  

                     (5) 

where, denotes the channel covariance matrix 

and is run with leaping strides of spectral norm, as 

M®¥. 0
MxM

 denotes a vector with M zeros. Here, the 

covariance scaling 1/K 
 
is only for understanding purpose.  

Now, let us analyze a Rayleigh fading channel in 

which the hk has a definite discernment for a coherence 

period and then derive a new uncommitted awareness. 

Having roots on this speculation, the transmitted signal 

can be given as 

                                   (6) 

The matrix syllabary is acquired by letting 

G = g
1
,...,g

k
é
ë

ù
ûÎC

MxK  be the pre-coding matrix and 

S = s
1
,...,s

K
é
ë

ù
û
T

»CN 0
Kx1

,I
K( ) be the vector comprising all 

UT data symbols. Therefore, the received signal in (4) 

can be illustrated as  

                       (7) 

Let Gk be represented as a matrix G while column gk is 

isolated. Then, the SINR at the k
th

 user [7] is  

           (8) 

By figuring that every user has faultless CSI (Channel 

State Information), the ergodic attaining the data rate at 

the UTs [7] is 

 r
k

= E log
2

1+ SINR
k( )é

ë
ù
û
                          (9) 

The transmitter is undertaken to have unsound 

comprehension of the lighting channel awareness of each 

UT, for k = 1,…,K. 
By applying TPE to the RZF pre-coder, we can 

approximate the RZF with a low complexity by using 

TPE. It is observed in [11] that to approximate the RZF, 

the calculation of inverse of the Hermitian matrix is 

needed. Additionally, the inverse of any Hermitian matrix 

can be expressed as a matrix polynomial. That is, we can 

state that the lower terms in the expression are more 

500©2019 Journal of Communications

Journal of Communications Vol. 14, No. 6, June 2019

hk CN 0Mx1,
1
K












x  gnsn GS

yk  hk
H gk sk  hk

H gnsn
n1,nk

K

  nk

SINRk 
hk

H gkgk
H hk

hk
HGkGk

H hk 
2

C MxM

x CM x1  , hk  CM x1, and nk CN 0, 2 

 2



 

important. Therefore, we can use the same concept in 

TPE and consider only the first J terms. 

IV. RESULTS AND DISCUSSION 

In this work, we apply the previous mentioned TPE 

with some orders to approximate the RZF, so that it 

reduces the complexity caused by the RZF algorithm. 

After a few iterations, we have observed that the TPE 

orders vary with the change of M and K. Therefore, we 

can select the appropriate TPE order that matches the 

RZF, so that we can reduce the computational delay 

caused by RZF for the pre-computing process.  

All the graphs in this section are plotted by the mean 

values of a number of iterations executed.  

A. Achievable Average Data Rate at (M,K)=(512,128) 

Let us consider the case of M=512 and K=128. By 

varying the quality of CSI (𝜏 = 0.1, 0.4 and 0.7), we then 

compare the results of RZF and TPE with some lower 

orders (J=2,3,4).  

 
Fig. 6. Average Data Rate vs SINR for at (M,K) =(512, 128) and quality 

of CSI 𝜏=0.1  

 
Fig. 7. Average data rate vs SINR at (M, K)=(512, 128) and quality of 

CSI 𝜏 =0.4 

 

Fig. 8. Average data rate vs SINR at (M, K) =(512, 128) and quality of 

CSI 𝜏=0.7   

From Fig. 6 to 8, it is obvious that the proposed 

method can approximate closely to the RZF depending on 

TPE orders as well as channel quality.  

For example, in Fig. 6, the channel quality is poor, so 

TPE order J=2 is not appropriate. However, at J=4, TPE 

provides the closest approximation of RZF and its loss is 

negligible. Similarly, if we consider Fig. 8, where the 

channel quality is quite good, we can see that the TPE 

order J=2, 3, 4 are appropriate values when compared to 

RZF. Therefore, in this case, we select J=2, which takes 

lower executing time compared to RZF, as shown in the 

Fig. 12. 

 

Fig. 9. Average data rate vs SINR at (M, K)=(256, 64) and Quality of 

CSI 𝜏 =0.1  

 

Fig. 10. Average data rate vs SINR at (M, K)=(256, 64) and quality of 

CSI 𝜏=0.4  

 

Fig. 11. Average data rate vs SINR at (M, K)=(256, 64) and quality of 

CSI 𝜏=0.7 

Finally, it can be concluded that if the channel quality 

is good (CSI value is high), TPE can provide the close 

approximation of RZF regardless of the order of TPE. 

However, when the channel quality is poor (CSI value is 

low), the higher the order of TPE, the closer the 
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approximation of RZF is. That is, we need to select the 

nearest TPE order such that it provides the closest 

approximation of RZF, given that the execution time 

should not so high. 

B. Achievable Average Data Rate at (M,K)=(256,64) 

Now, we consider the case of (M, K)=(256, 64). Again, 

by varying the channel quality (𝜏 = 0.1, 0.4 and 0.7), we 

can compare the outputs for RZF and TPE orders.  

Similarly, in Fig. 9, where the channel quality is poor, 

so, TPE order J=2 is not appropriate. However at J=4, 

TPE provides the closest approximation of RZF and its 

loss is negligible. In Fig. 11, where the channel quality is 

good (CSI is high), it is apparent that the TPE provides 

the close approximation to RZF regardless of the order. 

Therefore, in this case, we select the order J=2, which 

takes the lower executing time comparing to RZF, as 

shown in the Fig. 13. 

 
Fig. 12. Time complexity at (M, K)=(512, 128) 

 
Fig. 13. Time complexity for (M, K)=(256, 64) 

C. Time Complexity of RZF and TPE Pre-Coding  

TABLE I: DETAILS OF IMPLEMENTED SYSTEM  

Processor Intel (R) Core™ i5-3437 
CPU @ 1.90-2.40GHZ 

RAM 8.00 GB 

Operating System Windows 10 Home, 64-bit 

MATLAB version R2017a 

 

In this section, the time complexity is measured as an 

indirect evaluation metric of the computational 

complexity, since it is directly proportional to the 

computational complexity. Now, let us compare the pre-

coding time for executing the proposed TPE for all CSI (𝜏) 

with the original RZF for 2 scenarios: (M, K)=(512,128) 

and (256, 64). Table I provides the details of platform 

used to execute the proposed method and measure the 

time complexity. 

From Fig. 12 and 13, it is apparent that the time 

consumed by the RZF is between the TPE order J=3 and 

4. As RZF requires time for pre-computing before the 

execution starts, we can select the nearby TPE order 

which provides closest approximation to RZF as it does 

not require any pre-computing. 

V.   CONCLUSIONS 

Hybrid Beam-forming is considered as an attractive 

method adopted in massive MIMO, since it reduces the 

hardware complexity. However, to reduce the 

computational complexity, the linear pre-coding methods 

are used.  

One of the main attractive linear pre-coding methods is 

the conventional RZF, since it provides the best 

throughput comparing to all other linear pre-coding 

methods. However, its disadvantage is the 

implementation, which is quite difficult since it involves 

channel matrix inversion. So, in order to reduce the 

computational complexity, we propose to adopt the TPE 

pre-coding method, in which we replace the matrix 

inversion with the truncated polynomials. Our proposed 

method is evaluated by simulation using MATLAB. In 

our simulations, the TPE with some orders and channel 

quality are varied, then the achievable average bit rate as 

well as the time complexity are measured. The time 

complexity is measured to illustrate the computational 

complexity of the system.  

According to our simulation results, it can be 

concluded that if the channel quality is good (CSI value is 

high), TPE can provide the close approximation of RZF 

regardless of the order of TPE. However, when the 

channel quality is poor (CSI value is low), the higher the 

order of TPE, the closer the approximation of RZF is. 

That is, we need to select the TPE order such that it 

provides the closest approximation of RZF, with the time 

complexity directly reflecting the computational 

complexity should be taken into account. That is the 

execution time should not so high. 

Finally, the main advantages of this method can be 

summarized as follows: 

1. Pre-computing of the matrix is not necessary, so 

channel usage for data transmission is reduced. 

2. The computational delay reduces. 

3. The multistage structure is possible, since this 

proposed methods use a pipeline process 

Therefore, TPE is considered as an effective option 

due to its wide range of applicability. It can be used even 

though the number of antenna increases, unlike RZF, 

where it needs not go through pre-computing process 

iteratively. Additionally, the previous work is not needed 

to put into account. 

Recommendation for the future works: 

1. To reduce the time complexity which reflect the 

computational complexity of the proposed TPE. 
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Because, on one hand, the higher the TPE order is, 

the closer the result matches to the optimal value. 

However, on the other hands, the higher the TPE 

order, the higher the time complexity becomes.  

2. The optimal balance between the closest 

approximation of RZF and the computational 

complexity should be considered. 
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