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Abstract—In wireless ad-hoc networks, the nodes are randomly 

distributed in a field; and in most cases, only the distances in 

between the nodes are available practically. The main goal in 

such a problem is to obtain the coordinates from the data 

regarding the distance pairs. One of the tools for solving this 

problem is the Multidimensional Scaling Method (MDS). 

Additionally, due to the imperfect conditions in the field, the 

measurement data contains noise and uncertainties. In this study, 

a sequentially-executed method is proposed with the aid of the 

combination of Scaling by Majorizing a Complicated Function 

(SMACOF) method and the Particle Swarm Optimization 

(PSO). The results show that the proposed framework reduces 

the error under different environmental conditions. 

 

Index Terms—Multidimensional scaling, MDS, scaling by 

majorizing a complicated function, SMACOF, particle swarm 

optimization 

 

I. INTRODUCTION 

In a wide area, it is desired to sense the environment 

with the aid of micro electromechanical systems. The 

gathered data are processed with the location information 

to make decisions. Wireless nodes are distributed 

generally in a random fashion. Nodes in Mobile Ad-Hoc 

Networks (MANET) are free to move. Therefore, mobile 

ad-hoc networks become a premier research area in the 

last decade. In MANET, each device is free to move to 

any direction. On the other hand, since there is a limited 

transmission range in the network, multiple hop based 

communication is required to transmit and distribute the 

data throughout the network. Hence, the energy efficient 

routing algorithms are required for nodes which have 

limited power resources. Therefore, localization of each 

node is an important problem especially in case the GPS 

signal is not accessible, or GPS use not efficient due to 

power consumption or any other security issue [1]. In 

literature, there are many methods proposed for 

determination of the position without GPS. These 

methods can be grouped as follows:  
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a) Time-of-arrival based methods. In these methods the 

distance information is extracted from the propagation 

delay between the transmitting and the receiving nodes. 

This method can be classified into one-way TOA ranging 

and two-way TOA ranging. The former requires accurate 

synchronization between the nodes, while the latter does 

not require synchronization [2],  

b) Time-Difference-of-Arrival (TDOA) based methods. 

In these methods, instead of the arrival time, time 

difference of the transmitted signal is considered as the 

measurement information. These methods require time 

synchronization [3]-[6],  

c) Received Strength Indicator (RSSI) based methods. 

In these methods, the distance between wireless nodes are 

automatically measured via the RSSI [7]-[9]; which 

might not be quite reliable in practice,  

d) Angle-of-Arrival (AOA) based methods. These 

methods evaluate the direction of the propagation of the 

transmitted node; and by using this data, the position is 

extracted [10], [11]. There are also some hybrid methods 

utilizing AOA and TDOA together [12]-[14], and  

e) Hop-based methods. These methods use the 

connectivity information within the range. This 

connectivity information is mostly the distance between 

the nodes, and if the anchor is defined, the position and 

the distance to the anchor. There are many algorithms are 

proposed in the class of hop-based methods. Some of 

them are;  

-DV-hop Localization, which distributes the distance 

measurement along the network but with a large 

communication cost [15]-[17],  

-APIT: a range-free method, which also has large 

communication cost [18], [19],  

-Nonparametric Belief Propagation (NBP): a particle 

filter based approach which represents the location 

information under uncertainties [20], [21], 

-MDS-based approaches: use the multidimensional 

localization approaches, which present good performance 

under complex topologies [22], [23].  

In this study, as single hop-based improved method, 

the MDS algorithm is selected. In the paper, first the 

classical MDS (cMDS) algorithm is presented, and its 

performance in noisy environment is evaluated. Then, the 

cMDS is incorporated with SMACOF and PSO. The 
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performance of this new proposed hybrid structure is 

compared with the cMDS. 

This paper is organized in three more sections 

following this introduction section. In Section II, the 

fundamentals of cMDS, SMACOF and PSO are 

presented. The third section is devoted for the 

implementations and comparison of the proposed 

framework; and the last section consists of concluding 

remarks. 

II. METHOD 

In this study, classical Multidimensional Scaling (MDS) 

algorithm is joined with two different methods: 

SMACOF and PSO. In this section these methods are 

explained in summary. 

A. Multidimensional Scaling - MDS 

Multidimensional scaling is a general expression for 

analysis of the measured proximity data, or a technique 

for visualization [24] of the multidimensional data in a 

lower dimensional space.  

The aim of this method is to project the multi-

dimensional data in a lower level by preserving the object 

distances. So far, various MDS methods have been 

proposed. In this study, the classical MDS algorithm is 

selected as a basis as explained in the introduction section. 

The procedure of the classical MDS algorithm is 

defined as follows [25]: 

1. Calculate the matrix (Q) from dissimilarity 

measurements (δ), where φ is each elements of matrix Q 

corresponding to δ: 

2

2
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2. Calculate the temporary matrix (H), where I is the 

nxn identity matrix, and O is the 1xn vector with all ones: 

   TOO
n
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3. Calculate and determine the eigenvalue (L) and 

eigenvectors (A) of matrix (B): 

HQHB      (3) 

TALAB     (4) 

4. Find the coordinates from the eigenvalues and 

eigenvectors of B, where d corresponds to the largest 

element of the eigenvalue and the eigenvector: 

dd LAX      (5) 

B. Scaling by Majorizing a Complicated Function -

SMACOF 

Scaling by majorizing a complicated function 

(SMACOF) is an iterative MDS method based on stress 

majorization, which was introduced by De Leeuw in 1977 

[26]. Stress majorization is an optimization strategy for 

MDS. The general problem is to solve points in low-

dimensional Euclidean space, where the distance between 

two points represent dissimilarity in an analogous manner. 

Therefore, the aim is to find X from the formulation given 

below, where dij(X) is the dissimilarity, i,j=1,2,..,n 
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Similar to MDS, SMACOF the stress function is 

defined which is desired to be minimized. The stress 

function (σ(X)) defined as; 
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Therefore, the SMACOF algorithm is given below [13], 

where tol and maxiter are the termination conditions of 

the algorithm corresponds to tolerance and maximum 

iteration respectively. 

1. Begin with the initial point of X(0) randomly 

2. Z=X(0) and assign k=0 

3. Compute the stress function S(X(0)) 

4. Increase k=k+1 

5. Obtain Guttman transform of X(k) 
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6. Compute the stress function S(X(k)) 

7. Calculate change of the stress S(X(k)) – S(X(k-1)), if 

it is smaller than tol or k>maxit than terminate 

8. Z=X(k), go to step 4 

C. Particle Swarm Optimization - PSO 

PSO is a swarm based optimization algorithm which is 

inspired from behaviors of flocks of fish and birds. The 

PSO model was investigated by Kennedy and Eberhart in 

1995 [27], [28]. The PSO establishes a balance between 

the swarm member’s cognitive and societal discovery 

behaviors. Cognitive behavior is defined as the tendency 

to return to the best position of a swarm member’s that 

has reached as far as the present. Social behavior is 

defined as the tendency to follow the best particle in the 

swarm. The velocity and position information of a 

particle is updated at each iteration. Cognitive and social 

experiences are taken into account while updating the 

velocity of the particle. In conclusion, the PSO algorithm 

is given below, where the aim of this update functions is 

to obtain the minimize the objective function of the mean 

absolute error between measured and obtained distance 

data. 
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D. Hibrid Framework 

In this study, in order to determine the coordinates of 

the distributed nodes in a wireless ad-hoc network, cMDS 

is merged with two other methods for increase the 

performance, which are SMACOF and PSO. The 

algorithms are sequentially executed. Since the cMDS is 

a deterministic approach and produce a single vector, it is 

possible to continue the implementations after these 

results. In other words, first cMDS is run and vector of 

coordinates are obtained. Then, SMACOF and PSO 

methods are applied to get further improvement. The 

numbers of iterations are restricted in SMACOF and PSO 

to reduce the resources to obtain solution. 

III.  IMPLEMENTATION AND RESULTS 

In this study, the aim is to increase the performance of 

the cMDS algorithm with another multidimensional 

scaling approach SMACOF and a heuristic optimization 

algorithm PSO. In these algorithms, the number of 

maximum iteration is selected as 10 for networks contain 

25 nodes. The population size is selected as 30 for PSO. 

On the other hand, the number of maximum iteration is 

selected as 15 and the population size of PSO is selected 

as 50 for 75 and 200 nodes. The implementations are 

repeated 1000 monte carlo run. The two-way TOA 

method is used to obtain the range between two nodes. 

The direct Line-of-Sight (LOS) path between wireless 

nodes has been defined as the direct-path and the detected 

first arrival path as the First-Detected-Peak (FDP). In 

Time-of-Arrival (TOA) based positioning systems, the 

TOA of the FDP, is detected as an estimate of the TOA of 

the DP. The estimated distances between the nodes are 

obtained from; 

ijij cd ̂ˆ            (12) 

where dij and τij denote the distance and the TOA between 

the i
th

 and the j
th

 nodes, respectively;  is the speed of light. 

The ranging error caused by erroneous estimate of the 

TOA has been referred as distance measurement error. It 

is assumed that the noise has a skew Gaussian 

distribution. The variance of the noise is modeled as to be 

proportional to the distance; 

22

ijij d             (13) 

The noise histogram can be seen for a distance of 10 

km in Fig. 1. Three approaches (cMDS, 

cMDS+SMACOF and cMDS+PSO) are compared with 

respect to the five different criteria. These are; a) number 

of nodes (25, 75 and 200), b) area (1x1 km, 20x20 km), c) 

Standard deviation of the Gaussian noise (10-6, 1.25x10-

6 and 1.5x10-6), d) Number of measurements between 

every pair of nodes. In this study 2, 4, or 10 

measurements are recorded for each node pair. e) Number 

of missing measurements due to the mobility: Even the 

all nodes are in communication, it is possible to be in a 

complex topology such that some of the measurements 

couldn’t be reach to any neighbor. 

TABLE I: THE PERFORMANCE OF THE METHODS AT 11 KM AREA WITH 25 NODES 

Number of 

Measurements 
Between Two Nodes 

Total Number of Missing 

Measurements in the 
Network 

Noise Sd: 10-6 Noise Sd: 1.25 x 10-6 Noise Sd: 1.5 x 10-6 

RMS Error (m) 

cMDS cMDS+ 
SMACOF 

cMDS+ 
PSO 

cMDS cMDS+ 
SMACOF 

cMDS+ 
PSO 

cMDS cMDS+ 
SMACOF 

cMDS+ 
PSO 

2 None 9.2092 4.6890 8.7627 11.5510 5.8854 10.7264 13.9266 7.0753 12.5883 

5 22.4132 24.1953 19.2960 24.3056 25.2020 20.5878 25.8994 25.6177 21.6765 

4 None 6.4547 3.3262 6.3559 8.0878 4.1546 7.8223 9.7758 4.9930 9.2319 

5 21.6054 24.1564 18.9972 22.2833 24.3772 19.4043 22.9958 24.5968 19.7156 

10 None 4.1120 2.1112 4.1211 5.1296 2.6158 5.1043 6.1746 3.1502 6.0925 

5 20.2978 23.6951 18.1952 20.5331 23.8097 18.2661 21.0222 23.7779 18.6405 

TABLE II: THE PERFORMANCE OF THE METHODS AT 2020 KM AREA WITH 25 NODES 

Number of 

Measurements 
Between Two 

Nodes 

Total Number 

of Missing 
Measurements 

in the Network 

Noise Sd: 10-6 Noise Sd: 1.25 x 10-6 Noise Sd: 1.5 x 10-6 

RMS Error (m) 

cMDS cMDS+ 
SMACOF 

cMDS+ 
PSO 

cMDS cMDS+ 
SMACOF 

cMDS+ 
PSO 

cMDS cMDS+ 
SMACOF 

cMDS+ 
PSO 

2 None 164.8465 83.4614 125.9646 205.1400 103.1443 145.1840 248.9700 125.5617 190.1378 

5 384.7095 420.0953 280.3920 412.4787 429.8493 300.8776 440.5367 436.5393 324.2341 

4 None 116.9659 59.5353 91.2918 145.2221 73.5810 103.3198 176.0386 89.3610 134.6170 

5 364.0296 416.5493 267.1339 372.6542 420.3609 274.1050 386.9646 421.9223 284.2835 

10 None 73.2583 37.2844 60.0447 92.2334 46.7494 73.5053 110.8138 56.4178 86.7959 
5 335.6411 402.5375 132.8638 350.2924 410.8605 257.4502 347.4534 409.5337 255.7774 

TABLE III: THE PERFORMANCE OF THE METHODS AT 2020 KM AREA WITH 75 NODES 

Number of 

Measurements 

Between Two 
Nodes 

Total Number 

of Missing 

Measurements 
in the Network 

Noise Sd: 10-6 Noise Sd: 1.25 x 10-6 Noise Sd: 1.5 x 10-6 

RMS Error (m) 

cMDS cMDS+ 

SMACOF 

cMDS+ 

PSO 

cMDS cMDS+ 

SMACOF 

cMDS+ 

PSO 

cMDS cMDS+ 

SMACOF 

cMDS+ 

PSO 

2 None 106.9581 52.1478 92.5156 133.5259 65.0668 114.7649 162.0482 78.6901 137.8684 

15 179.4416 166.2505 151.9410 201.1549 176.6754 169.5117 221.4884 186.7762 186.0439 

4 None 75.4056 36.9964 66.3844 94.3466 46.2593 81.8637 112.9477 55.2399 97.1452 
15 158.8124 159.4579 136.6067 173.3611 167.6531 149.5020 190.4167 177.5029 162.0994 

10 None 47.5161 23.3198 42.9659 59.4518 29.2696 52.8652 71.2159 35.0176 62.8181 
15 142.6313 156.0120 125.9155 151.2705 161.2560 133.2046 160.6200 166.8053 141.3902 
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TABLE IV: THE PERFORMANCE OF THE METHODS AT 11 KM AREA WITH 75 NODES 

Number of 

Measurements 
Between Two 

Nodes 

Total Number of 

Missing 
Measurements ın 

the Network 

Noise Sd: 10-6 Noise Sd: 1.25 x 10-6 Noise Sd: 1.5 x 10-6 

RMS Error (m) 

cMDS cMDS+ 

SMACOF 

cMDS+ 

PSO 

cMDS cMDS+ 

SMACOF 

cMDS+ 

PSO 

cMDS cMDS+ 

SMACOF 

cMDS+ 

PSO 

2 None 5.3732 2.5970 5.3729 6.7150 3.2552 6.7158 8.1038 3.8944 8.1084 
15 8.8664 8.0718 8.8899 9.7980 8.4793 9.8215 11.0432 9.0687 11.0347 

4 None 3.7702 1.8318 3.7702 4.7402 2.2939 4.7402 5.6955 2.7586 5.6964 

15 7.7327 7.7039 7.7378 8.5505 8.0680 8.5632 9.2297 8.4097 9.2420 
10 None 2.3911 1.1592 2.3911 2.9825 1.4437 2.9825 3.5800 1.7359 3.5800 

15 7.0207 7.5169 7.0211 7.4456 7.7272 7.4493 7.8991 8.0587 7.9066 

TABLE V: THE PERFORMANCE OF THE METHODS AT 1X1 KM AREA WITH 200 NODES 

Number of 

Measurements 
Between Two 

Nodes 

Total Number of 

Missing 
Measurements in 

the Network 

Noise Sd: 10-6 Noise Sd: 1.25 x 10-6 Noise Sd: 1.5 x 10-6 

RMS Error (m) 

cMDS cMDS+ 

SMACOF 

cMDS+ 

PSO 

cMDS cMDS+ 

SMACOF 

cMDS+ 

PSO 

cMDS cMDS+ 

SMACOF 

cMDS+ 

PSO 

2 None 3.4439 1.6469 3.4441 4.3037 2.0576 4.3059 5.1673 2.4638 5.1679 

40 4.8062 4.0560 4.8085 5.6123 4.5390 5.6143 6.4589 5.0628 6.4648 
4 None 2.4270 1.1649 2.4270 3.0439 1.4610 3.0440 3.6579 1.7563 3.6580 

40 4.0923 3.8424 4.0925 4.6967 4.2625 4.6973 5.3642 4.7345 5.3675 
10 None 1.5320 0.7381 1.5320 1.9180 0.9239 1.9180 2.3025 1.1071 2.3025 

40 3.5935 3.7239 3.5945 4.0555 4.0858 4.0557 4.5258 4.5038 4.5271 

TABLE VI: THE PERFORMANCE OF THE METHODS AT 20X20 KM AREA WITH 200 NODES 

Number of 

Measurements 
Between Two 

Nodes 

Total Number of 

Missing 
Measurements 

in the Network 

Noise Sd: 10-6 Noise Sd: 1.25 x 10-6 Noise Sd: 1.5 x 10-6 

RMS Error (m) 

cMDS cMDS+ 
SMACOF 

cMDS+ 
PSO 

cMDS cMDS+ 
SMACOF 

cMDS+ 
PSO 

cMDS cMDS+ 
SMACOF 

cMDS+ 
PSO 

2 None 72.2452 34.1571 70.2119 90.2602 42.6625 87.4833 108.9374 51.2185 104.7891 

40 100.3398 84.1858 97.5740 117.0972 94.9755 113.3755 134.7014 105.5809 129.9053 
4 None 50.7742 24.1422 49.6067 63.4570 30.2114 61.5692 76.3250 36.1226 73.9451 

40 85.0241 80.3013 83.6612 98.7517 89.6355 96.4993 112.0183 99.0862 109.1321 

10 None 32.2262 15.3431 31.7236 40.0971 19.0514 39.2894 48.3674 22.9360 47.1310 

40 74.6307 77.8657 74.0672 84.2767 85.9946 83.2534 93.9863 94.1999 92.9742 

 

 
Fig. 1. The histogram plot of the noise using 1,000,000 samples with the 
skewness is 0.2 and the standard deviation is 1.5x10-6 (second). 

Therefore, in this study these missing measurements 

are also considered. In general, 20% of the nodes are 

assumed to be un-accessible. For 25 nodes, 5; for 75 

nodes 15 and for 200 nodes 40 of the mutual information 

is not presented in the distance (dissimilarity) matrix. 

Table I, II and III show that cMDS+PSO performs better 

when there are missing measurements. Table IV, V and 

VI show that cMDS+SMACOF performs better in almost 

all conditions. When the network density decreases, the 

missing measurements become dominant factor on the 

performance. Fig. 2 graphically demonstrates the true and 

estimated positions of nodes on 2D space. 

 
                                        (a)                                                                               (b)                                                                       (c) 

Fig. 2. Graphical demonstration of performance of the a) cMDS algorithm with 75 nodes in 20x20 km area, noise standard deviation 1.5x10-6 b) 

cMDS+SMACOF algorithm with 75 nodes in 20x20 km area, noise standard deviation 1.5x10-6 c) cMDS+PSO algorithm with 75 nodes in 20x20 km 
area, noise standard deviation 1.5x10-6 
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IV. CONCLUSIONS 

In this paper, sequential implementations of SMACOF 

and PSO after cMDS are proposed. The aim of this study 

is to provide a hybrid method which can produce more 

accurate results under certain network conditions. For this 

purpose, cMDS+SMACOF and cMDS+PSO are 

implemented on different cases. It is observed that as the 

number of nodes increase, the performance of cMDS and 

cMDS+SMACOF also increase. However, as the number 

of nodes increase the performance of PSO slightly 

decreases. The reason is that the PSO requires more 

resources as the dimension of the problem increases to 

find better results. It is possible to increase the swarm 

size and/or iteration number to obtain a better 

performance for PSO. 
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