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Abstract—In optical, magnetic recording and Frequency-

Hopping communication with narrow band interference, white 

Gaussian noise and random erasures are existing all at once. We 

call this mixed channel. To analyze performance of low density 

parity-check (LDPC) codes over mixed channel, the stability 

condition for LDPC codes over it is proposed, from which we 

can draw a conclusion that a good degree sequence of LDPC 

codes over Gaussian channel is not optimized over mixed 

channel. It can also be supported by simulation. To search good 

degree sequences over mixed channel, the random particle 

swarm optimization and simulated annealing algorithm are 

combined to find some capacity-approaching degree sequences 

in different erasure probabilities. Some high-threshold degree 

sequences are showed. The threshold of signal-to-noise ratio 

can increase 1.6159dB than that of the classical degree 

sequences evaluated by Gaussian approximation over mixed 

channel. 
 
Index Terms—Low density parity-check codes, mixed channel, 

Gaussian approximation, random particle swarm optimization, 

simulated annealing 

 

I. INTRODUCTION 

The Low Density Parity-Check (LDPC) codes have 

been applied in many areas because they perform at rates 

extremely close to the Shannon capacity [1]-[5]. To 

design good LDPC codes, the optimized degree 

sequences which have high thresholds over specific 

channel are necessary. Besides, they should meet the 

demand of the stability condition [5]. There is a threshold 

effect that if the Signal-Noise Ratio (SNR) is less than the 

threshold  , the error-bit rate can be less than any 

number of  . 

Many theories about designing degree sequence over 

different channels have been proposed. Reference [5] 

analyzed the stability condition over Gaussian channel 

and found several high-threshold degree sequences, 

which were very classical and widely applied in many 

applications. Reference [6], [7] gone into the capacity 

achieving LDPC codes over the Binary Erasure Channel 

(BEC), and established a stronger result on asymptotic 

optimality of some of the proposed sequences. However, 
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the model of mixed channel with random erasures didn’t 

attract attention. As can be seen in Fig. 1, we call this 

model mixed channel. x  is the message source. The 

LDPC encoded message c  is corrupted by Gaussian 

noise n  and random erasures with a probability of (0)e . 

This channel represents a common situation in magnetic 

recording where thermal asperities are detected and 

represented at the decoder as erasures. Besides, in optical 

recording, defects and scratches may cause a lot of bytes 

to be erased. In communication with narrow band 

interference, many bits are regard as erasures because of 

the strong interference blocking. Owing to the random 

erasures, the performance of LDPC codes becomes poor. 

LDPC 

Encoder

n e(0)

LDPC 

Decoder

x c

 
Fig. 1. Mixed channel with random erasures 

The degree sequences and related theories over mixed 

channel with erasures have not been proposed, while 

many optimized degree sequences over Gaussian channel 

are applied in mixed channel. Reference [8]-[11] applied 

the LDPC codes in magnetic and optical recording, and 

got superior performance in long codes. Reference [12] 

studied the application of LDPC codes in Frequency-

Hopping communication with narrow band interference. 

These channel environments can be regarded as mixed 

channel. As a result, it is necessary to study optimized 

degree sequences over mixed channel. In addition, there 

is no strict scheme to find good degree sequences, and 

people always use complex numerical search procedure 

[5], [13]. We proposed a method to search good degree 

sequence. 

This article deduces the theory of stability condition 

over mixed channel, which concludes that well-designed 

degree sequences with high threshold over Gaussian 

channel are not always good over mixed channel. We 

also compare the thresholds of two degree sequences in 

different erasure probabilities by Gaussian approximation 

over mixed channel. The result of the comparison 

supports our conclusion. Besides, a way to find optimized 

degree sequences effectively is proposed. Finally, some 

high-threshold degree sequences in different erasure 

probabilities are shown which perform much better than 

those optimized over Gaussian channel.  
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II. GAUSSIAN APPROXIMATION FOR IRREGULAR LDPC 

CODES OVER MIXED CHANNEL 

Reference [14] extended Gaussian approximation to 

include mixed channel. We briefly summarize the key 

points of it to help readers understand the following 

works.  

The probability density function of a variable-node 

message at the k th iteration simplified as: 

( ) ( ) ( )

0( ) ( ) ( )k k kf v e v g v              (1) 

where ( ) ( )kg v  is the continuous part of the probability 

density of a variable node，and ( ) ( )x v v x    is a 

shifted delta function . 

In order to describe the irregular LDPC codes, let 
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be the degree for the variable and check edges. 
i (

i ) is 

the rate that the edges connected to degree- i  variable 

(check) node accounting for the amount of all edges. 
( ) ( )( )k ke   is the probability that the variable (check) 

node message is equal to 0 at the k th iteration; The term 

( )v cd d  is the number of neighbors of a variable (check) 

node.  

Considering at least one of the variable node messages 

connected to a check node is erased, the probability of 
( )k  can be expressed as: 
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where ( )cp d s is the probability that the edge belongs to 

a degree s check node, and ( ) ( )( )k k

j jv u  is the message of a 

variable(check) node emitting through the j  th edge.  

The updated mean is determined from the following 

relation (5). 

 

( ) ( ) ( ) 1

|

1
( ) ( )

( ) 1

1 ( ) [tanh[ / 2] | 0]

1
tanh[ / 2] ( )

(1 )

c

k k k s

u d s

s
k k

k s

m E v v

v g v
e

 







  




  (5) 

where ( )  has been defined in [15]. 

As a result, we can express the updated mean value as: 
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The expression of ( )ke  is 
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where ( )vP d j  is the probability that the edge 

connected to a degree- j  variable node. 

Thus, if the SNR increases to infinity, the probability 

density of a variable node message changes to 

( ) (0) ( 1) 1

0

2

( ) ( ) ( )
vd

k k j

j
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f v e v   


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The continuous part in (1), ( ) ( )kg v , can be calculated 

with proper conditioning on j . 

Finally, the mean recursive equation (6) becomes 

 

0

( ) 1

( ) 1
2

1
(0) ( ) ( 1)

( 1)

2 0

1
(0) ( ) ( 1) 1

( 1)

0

1
(1 [1

(1 )

{ ( )

(1 ) ( )}] )

c

v

d
k

u s k s
s

d j
k k

j j i u

j i

j
k k s

j i u u

i

m
e

e im

e im m

 

  

 











 


 





  


  



 



  (9) 

where ( ) ( 1) ( 1)

( 1) ( ) (1 )k m k n m k m

j i nC    

   . 

With the parameter k becoming infinity, the term   

which is decided by the initial value (0) 22 /um   is the 

threshold over mixed channel when ( )k

um  . In this 

article, we use this as the tool to judge whether the degree 

sequence is optimized over mixed channel. 

III. THE STABILITY CONDITION FOR MIXED CHANNEL 

For irregular LDPC codes, when the variable message 

probability density meets the requirement of 

symmetry
0 0( ) ( )xP x e P x  : 

Let 2
0ln( ( ) )

x

R
r P x e dx



   ， where 
0 ( )P x is the 

initial probability density of the variable node message. 

For any number s ， if 0( )( )sx

R
e d P x   ，then 

Necessity [5]: If ' '(0) (1) re   then there exists a 

constant  0, , , 0P      ，such that for all N , 

( )eP P  . 

Sufficiency [5]: if ' '(0) (1) re    then there exists a 

constant  0, , , 0P      ，such that for ，

then ( ) 0eP P  . 

According to the above-mentioned theory，we deduce 

the stability condition for mixed channel. On the basis of 

generalized stability condition：let  

2
0ln( ( ) )

x

R
r P x e dx



               (10) 

2
0 ( )

x
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For mixed channel, the initial probability density of the 

variable node message can be defined as: 
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which meets the condition:
0 0( ) ( )xP x e P x  . So the 

equation (12) can be calculated as: 
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Thus, we conclude the stability condition for mixed 

channel: 
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The stability condition for Gaussian channel: 
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As a result, it can be concluded that well-designed 

degree sequences with high threshold over Gaussian 

channel are not always good over mixed channel, 

especially at high erasure probability, and the following 

simulation proves our conclusion. 

We use Gaussian approximation over mixed channel to 

calculate the Eb/No from capacity of the following two 

degree sequences (17) (18) at different erasure probability.  

Degree sequence A: 
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As we can see from the Fig. 2, though degree sequence 

B performs well in Gaussian channel, its performance 

gradually becomes worse than sequence A with the 

increasing of erasure probability. This phenomenon 

confirms the conclusion below. So finding degree 

sequences that perform well in specific erasure 

probability is necessary. 
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Fig. 2. Eb/No gap from capacity with increasing of erasure probability 

IV. DESIGN OF THE DEGREE SEQUENCE OVER MIXED 

CHANNEL  

The Random Particle Swarm Optimization (RPSO) can 

guarantee the result converging to the optimal solution by 

regenerating the stopping-evolution particles randomly 

[16], [17]. In order to find a good way to optimize degree 

sequence over mixed channel, we combine the RPSO and 

Simulated Annealing (SA) [18], [19] to get high threshold 

of degree sequence. 

A. RPSO 

We summarize the RPSO as follows: 

1

1 1 2 2( ) ( )t t t t t t

i i i i g iV V c R p x c R p x         (19) 

1 1t t t

i i ix x V                  (20) 

where i  is the number of the particle, t is the time of 

evolution, t

iV  is the speed of the particle, t

ix  is the 

position of the particle, besides, it is the potential result 

the equation.
ip  is the best position that the i th particle 

has gone through. 
ip  is the best position that all 

particles have gone through.   is the coefficient of 

inertia. 
1c  and 

2c  are the coefficient of acceleration. 

1R  and 
2R  are the random number from 0 to 1. 

When t

i j gx p p  , the j th particle will fly with the 

speed of t

iV  if others can’t find a better solution, until 

it flies out of feasible region. As a result, this algorithm 

loses the ability of searching better results. Besides, other 

particles gather it which leads the population to lose 

diversity and the solution plunge to a local extremum. To 

improve the algorithm, RPSO stores the best position that 

all particles have gone through, and generates the new 

position of the j th particle 
1t

jx 
 randomly. Others 

evolves according to (19) (20) at the same time. 

The procedure of position updating is as follows: 

1t
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1 min{min[ ( ) | ], ( )}i t

g i gp f p i S f p      (23) 

where f ( )is the minimized object function, also known as 

fitness, and in this article it is based on Gaussian 

approximation for Gaussian channel and mixed channel. 

S is the set of all particles.  

Journal of Communications Vol. 11, No. 5, May 2016

457©2016 Journal of Communications



For the sake of improving the probability of the j  th 

particle tending to the optimal solution, we use the SA 

algorithm with better capacity of escaping from the local 

extremums to generate the new position. 

B. SA 

The SA algorithm in this article can be described as 

follows: 

Step1: Set the initial annealing temperature ( 0)kT k  , 

and initial solution
0

t

jx x  

Step2: By Gaussian mutation, generate the new 

feasible solution (1 )kx x Guass   in the neighboring 

areas of
kx , where ~ (0, )Guass N  . Then 

calculate ( ) ( )kf f x f x   . If 0f  ,
kx x , else 

accepting 
kx x  at the probability exp( )kf T . 

Step3: 
1k kT CT  ( 1k k  ) where (0,1)C  is the 

annealing coefficient. If it satisfies the stop condition, 

then exit the loop and outputting the new solution, else 

turning to step 2. 

Considering the characteristic of the degree of 

sequence 0 1  , we set 0.1   in the simulation. 

V. RESULTS AND DISCUSSION  

The object function can be described as: 

( , )  
min ( , )

( , )  
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awgn

Ga
f

Ga

 
 

 


 


      (24) 

where 
mixGa  and 

awgnGa  are the Gaussian 

approximation for mixed channel and Gaussian channel. 

Besides, the code-rate constraint (25) and distribution 

constraint (26) should be satisfied.  
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where R is the code rate of LDPC codes. 

A conclusion can be drawn from [5], and the degree 

distribution of check nodes has little effect on the 

threshold, and always clusters together. Thus, we adopt 

the form of two non-zero term. 

   1( ) ( 1  )k kx x x                 (27) 

Combined with the related constraint (25) (26), if given 

R and degree distribution of variable nodes, we can 

determine ( )x , which change the object function (24) 

into min ( )f  . In other words, we only need to find 

optimal   given R. So the dimension of solution space 

can be reduced to 1vn d  , which improves the 

convergent rate. 

VI. SIMULATION RESULTS 

The parameters of the simulation are as follows: initial 

temperature: 
0 1000T  , annealing coefficient: 0.95C  , 

the number of particles: 20s  , the coefficient of 

acceleration: 
1 2 2c c  , upper bound of iteration times: 

min 100t  , the coefficient of inertia: 

max0.9 0.5( )t t   , the code rate: R=0.5. 

We present the optimal results in different erasure 

probabilities in Table I, II, III, IV and compare their 

thresholds   with the threshold *  of classical degree 

sequences in [5]. As can be seen from the comparison, 

the optimal degree sequences have higher thresholds over 

mixed channel and the improvement of performance in 

the form of ( )SNR dB  is exciting. 

TABLE I: OPTIMAL DEGREE SEQUENCE OVER MIXED CHANNEL WITH 10% ERASURE PROBABILITY 

Max degree 6 7 8 9 10 11 12 

2  0.348772 0.326726 0.305478 0.29006 0.263796 0.253568 0.241166 

3  0.20368 0.240377 0.25563 0.257019 0.284713 0.239817 0.230673 

4     0.0006212  0.0656748  

6  0.447548       

7   0.432897      

8    0.438892     

9  
   0.452921    

10
 

    0.451491   

11
 

     0.4409402  

12
 

      0.4417271 

6  
0.712684 0.495713 0.363765     

7  0.287316 0.504287 0.636235 0.924087 0.718439 0.590058 0.393068 

8  
   0.075913 0.281561 0.409942 0.606932 

  0.8476 0.8542 0.8596 0.8618 0.8653 0.8670 0.8686 

*  
0.8287 0.8530 0.8580 0.8601 0.8625 0.8649 0.8651 

SNR  0.1959 0.0123 0.0161 0.0172 0.0211 0.0211 0.0351 
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TABLE II: OPTIMAL DEGREE SEQUENCE OVER MIXED CHANNEL WITH 20% ERASURE PROBABILITY 

Max degree 6 7 8 9 10 11 12 

2  0.360024 0.339428 0.328037 0.291013 0.270235 0.278456 0.251084 

3  0.197862 0.2375 0243873 0.263852 0.285333 0.229394 0.285552 

4     0.0006212    

5       0.0919273  

6  0.442114       

7   0.423072      

8    0.42809     

9  
   0.4445138    

10
 

    0.444432   

11
 

     0.4002227  

12
 

      0.463364 

6  
0.712684 0.495713 0.363765     

7  0.287316 0.504287 0.636235 0.924087 0.718439 0.590058 0.393068 

8  
   0.075913 0.281561 0.409942 0.606932 

  0.7858 0.7680 0.7689 0.7780 0.7825 0.7812 0.7812 
*  0.7395 0.7627 0.7678 0.7713 0.7733 0.7752 0.7768 

SNR  0.5285 0.0602 0.0130 0.0751 0.1032 0.0670 0.0489 

TABLE III: OPTIMAL DEGREE SEQUENCE OVER MIXED CHANNEL WITH 30% ERASURE PROBABILITY 

Max degree 6 7 8 9 10 11 12 

2  0.37612 0.351341 0.329475 0.310765 0.281642 0.285014 0.277149 

3  0.183439 0.214155 0.250915 0.258623 0.282192 0.255886 0.175268 

4        0.128691 

5       0.0139296  

6  0.440441       

7   0.434504      

8    0.41961     

9  
   0.430612    

10
 

    0.436166   

11
 

     0.4451704  

12
 

      0.418892 

6  
0.774876 0.491677 0.317369 0.161002    

7  0.225124 0.508323 0.682631 0.838998 0.811591 0.705986 0.394167 

8  
    0.188409 0.294014 0.605833 

  0.6854 0.6694 0.6742 0.6771 0.6815 0.6828 0.6869 
*  0.6315 0.6548 0.6601 0.6627 0.6643 0.6659 0.6672 

SNR  0.7124 0.1915 0.1840 0.1862 0.2216 0.2181 0.2532 

TABLE IV: OPTIMAL DEGREE SEQUENCE OVER MIXED CHANNEL WITH 40% ERASURE PROBABILITY 

Max degree 6 7 8 9 10 11 12 

2  0.405845 0.377761 0.35037 0.324075 0.301084 0.308276 0.277534 

3  0.163717 0.197289 0.227777 0.253083 0.252888 0.182559 0.27235 

4       0.106238  

6  0.430438       

7   0.424941      

8    0.421859     

9  
   0.422842    

10
 

    0.446028   

11
 

     0.402927  

12
 

      0.450116 

6  
0.913922 0.622401 0.380694 0.161002    

7  0.086078 0.377599 0.619306 0.838998 0.842852 0.789044 0.568513 

8  
    0.157148 0.210956 0.431487 

  0.5654 0.5396 0.5443 0.5517 0.5610 0.5595 0.5603 
*  0.4694 0.5018 0.5091 0.5105 0.5121 0.5137 0.5148 

SNR  1.6159 0.6316 0.5808 0.6741 0.7925 0.7414 0.7361 
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We also apply the optimal degree sequence in Table IV 

with the max degree 6 and degree sequence in [5] in 

LDPC codes made by Progressive Edge-Growth (PEG)  

and compare the performance between them over mixed 

channel with 40% erasure probability which can been 

seen in Fig. 3. The performance improvement of 

proposed degree sequence in error-bit rate is obvious. 
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(2048,1024)LDPC code with the degree 
sequence in [5]

(2048,1024)LDPC code with the degree 
sequence proposed

(1024,512)LDPC code with the degree 
sequence in [5]

(1024,512)LDPC code with the degree 
sequence proposed

 
Fig. 3. Performance comparison between the two degree sequences with 

different code length 

VII. CONCLUSION 

The mixed channel exists in optical, magnetic 

recording and Frequency-Hopping communication with 

narrow band interrupts, which leads much performance 

loss. We analyze the characteristic and the stability 

condition of this channel, and conclude that a good 

degree sequence of LDPC codes over Gaussian channel is 

not optimized over mixed channels. As a result, designing 

optimal degree sequence over mixed channel is necessary. 

We combine the RPSO and SA with the related 

constraints of LDPC codes, and use this as a tool to find 

high-threshold degree sequences calculated by Gaussian 

approximation over mixed channel. Many good-

performance degree sequences are given, which perform 

better over mixed channel than classical degree sequences. 
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