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Abstract— The paper investigates the problem of achieving
globally optimal coverage for non-convex grid environments
with a network of mobile sensor nodes. A distributed
algorithm is proposed to solve the problem, which is locally
implementable on individual sensor. That is, each mobile
sensor only requires to update its current position to an
adjacent location with certain probability relying on its

coverage costs at current location and adjacent locations.

It shows that under the proposed algorithm, a network of

mobile sensors will eventually converge to a globally optimal
configuration minimizing the coverage cost with probability

one. Both rigorous analysis and simulations are provided to
illustrate the global convergence result.

Index Terms— Mobile sensor network, coverage, global op-
timality, non-convex environment.

I. INTRODUCTION

Distributed coverage control as a fundamental problem

are also studied, such as topology control and connectivity
maintenance [8]-[10].

Due to practical requirements, there are more works
appearing in recent years extending the coverage con-
trol problem from convex to nonconvex domains [11]-
[13]. They are particularly interested in coverage in the
presence of obstacles or holes. Caicedo et al. [11] show
how a diffeomorphism can be used to transform a non-
convex coverage problem to a convex one, for which
the Lloyds algorithm can be applied. Caicedo-Nunez
continues this work by constructing a diffeomorphism for
convex regions with obstacles in their interior so that the
solution to the transformed problem yields the solution of
the original non-convex problem [14], [15] .

As most works result in only locally optimal coverage

in sensor networks attracts more and more attention iﬁpartlcularly in a nonconvex environment), and usually

rthey assume that no obstacle exists to block sensing and

recent years. The goal is to optimize a configuration fo S o X _ )
a network of agents or sensor nodes in a given boundegPmmunication, the objective of this paper is to provide a

and connected region to carry out sensing, surveillanc&lOba”y optimal coverage result with a distributed control
data collection, etc. [1]. The motivation behind is for scheme for sensors in a non-convex environment which

better sensing or longer network lifetime with a goodmay contgin obstacles and _h.oles inside. The main goa}l of
configuration in certain applications. our work is to solve the traditional coverage problem with

This locational optimization problem has been solved inglobal optimality by discretizing the given environment

a distributed way that results in (locally) optimal coverageInto a grid map and applying a simulated-annealing-

[1]. Plenty of extensions are made recently from thisIike algorithm for individual sensor. The environment is

inherently geometric strategy. Frasca et al. [2] proposé‘”owed to be nonconvex or even with obstacles inside.

a deployment and partitioning algorithm that requiresThe algorithm is fully distributed and uses only local

only pairwise asynchronous gossip communication. Thénformatic_)n from neighbors. That_ s, eqch mobile sensor
problem of dynamically covering a given region is dis_updaﬁces Its Ioc_a_1t|0n to one of its adjacent Sp.o.ts with
cussed in [3]. Schwager et al. [4] propose a consens enain probability each step and the probability that

based controller that greatly increases the convergencgéjverrt')S the rgot:/enr’:ent IS detgrm;Pe;d_by :\he IO(.:al ;:]overage
rate. The study of network configurations leading 1oC0St observed by the sensor itself. Itis shown in the paper

optimal field interpolations is presented in [5]. For '[heseth"’It with the proposed scheme, the sensors will not be

schemes, the distribution of sensory information in thetrapped in a locally optimal configuration but converge

environment is required to be knowngaiori by all the to a globally optimal co_nfigurgtion n_1inimizing the_over-

sensors. This requirement is relaxed by Schwager et o coverage cost function. Simulations are provided to
[6] by introducing a controller with a simple memoryless validate our results.

approximation from sensor measurements. Gao et al. [7] . . . .
utilize the consensus algorithm dealing with the coverage The remainder of this paper IS orgam_zed as follows.
problem over acyclic digraphs with fixed and controlledWe pr_esent our problem a_md_de5|gn goal_ in Section I, We
switching topology. Besides, other issues in wireleséjescr'be the proposed distributed algorithm and provide

sensor networks closely related to the coverage problel"f’\ main result in Segthn ll. In Se_ctlon IV, we show
that the proposed distributed algorithm works well by

The work was supported by National Natural Science Foundation ois'mUIat'c_)nS' F'_na”yv W? CO_nCIUde the paper in Section V
China under Grant 60875074 with a discussion of directions for future research.
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Figure 2: An example of Voronoi partition without ob-
stecles (Left: a distribution of nodes; Middle: a Voronoi
partition; Right: a partition graph).

Figure 1: Sensors in a grid environment where each darker
(black) dot represents a sensor and each lighter (red) dot
indicates that the spot is occupied by obstacles or holes.

— - —
II. PROBLEM FORMULATION o
Given a group ofm sensors with limited communi- S
cation and sensing capabilities in a connected region, the -
model of sensors is viewed in a grid lattice that substitutes

the continuous space and each grid node is either free . . . .
or is taken by a sensor or obstacles (see Fig. 1), thﬁgure 3: An example of Voronoi partition with obstacles

considering the motion on an upright square lattice, eacg‘l-rI ghter (blue) squares in the figure).
sensor can move to only one of the four adjacent nodes
(North, South, East, West) each step if the spot is free.
We state several notions and notations from locationa® Partition graph without and with obstacles are shown in
optimization. More discussions are referred to [1], [16].F19- 2 and Fig. 3, respectively.
Due to pr_acticgl requirements, we impose that the SEnsors Upon that, we formulate an individual coverage cost
are confined in a bounded and connected regi6n function for each sensaras follows:
Suppose the sensor nodes are able to sense the boundary
of the region with carry-on sensors. The upright square H(z,V (2) = 2 f(| p(v)—z | )e(p(v). (2)
lattice in the bounded regior’ is then modeled as a VeV
graphG = (V,E) with each node itV representing a grid |n the equation above, thiensity functionp:V — R-q
node and an edge i between two nodes meaning thatjs a bounded measurable positive function that could be
the corresponding two grid nodes border each other. Suahe cell phone users density at the communication range,
a graph is called grid graph the node burden in wireless sensor network, etc. in differ-
Consider an inertial coordinate system and {gv)  ent applications. Thgerformance function fR-q —
denote the position of grid noden the inertial coordinate R-, is a monotone increasing function. The sensing
system. Denote the locations of themobile sensors at performance at nodetaken by theth sensor at position
timet by z(t),...,zn(t). The aggregate position vector z degrades with the distandep(v) — z ||. Accordingly,
is f(| p(v) —z ||) provides a quantitative assessment of
z=(z,...,Zm) € Z2m, how poor the sensing performance is. Then the overall
coverage cost is the sum of all sensors’ costs. That is,
For a distributionz of a large number of mobile sensors .
in the grid, we define the Voronoi partitioN'(z) := TN o T
{V1,Va,--- Vin} of G as a set of disjoint subsets &f A (ZV(2) —i;%ﬁ’(a,V(z)). @
such that, UVl -+-UVm =V and The coverage problem is then to find a distributed
Vi= {veV|| p(v)—z ||<| pv)—z |.vj £}, (1) control law for each sensor so that thesensors come
to a configuration minimizing the coverage cost function
wherep(v) can be sensed by sendoiVe also calVi(t) 7 (zV(2)).
sensori’s dominant region at. Two sensors are called  Theproblem of reaching a locally optimal configuration
neighborsor adjacentif they are in the adjacent Voronoi in a bounded convex environment has been solved in [1].
partition regions. In addition, we define a new inducedHowever, in practice, it is very likely that the environ-
graphG := (V,E), called partition graph, with an edge ment is nonconvex (even with obstacles inside) and a
ec E betweenV; andV; €V if and only if G hasat least  globally optimal configuration is expected to be reached
one edgee € E betweenv' €V, andVv’ € V. Examples of via distributed schemes. In this paper, we assume each
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sensor can receive only local location information of its
neighbors and leverage this information to adjust its own
location. Collectively, then sensors are expected to jump
out of local optimum in the connected nonconvex envi-
ronment and converge to a globally optimal configuration.

IIl. L OCAL UPDATING RULE

In this section, we present a simulated-annealing-like
algorithm to update the position of each sensor using
only neighbor sensors’ location information and provide
rigorous analysis showing that a networknogensors will
converge to a globally optimal configuration minimizing
the coverage cost function with probability one.

Figure 4: Sensor 1 moves to the lighter dot, and the
Voronoi partition is updated as the dashed line. But the
partition graph remains unchanged.

A. Algorithm

Let Ni(t) be the set of adjacent nodeszt) in the grid
that are free at timé. Let nj(t) denote the cardinality of
the setN;(t) at timet. Each sensor can move only to one
of the four adjacent free nodes, 5¢t) < 4. Denotez*,(t)
the new aggregate position vector with fitle component
z(t) replaced byx at timet, i.e.,

Z)ii = (Zl,...,Zj,l,X,Zj+1,---,Zm)'

The m sensors are programmed to update their
positions in turn. In other words, only at discrete time
t=Im+i,1=0,1,2,---, sensori is permitted to move.
Next we present the algorithm for each sensoto
update its position with a random initial distribution. The
notation [-]* will be used in the algorithm to indicate Figure 5: Sensor 3 moves to the lighter dot, and the
that it is zero when the value in the square bracket i/oronoi partition is updated as the dashed line. Sensors 3

less than zero and it has the same value otherwise.  and 5 were neighbors, but they are not after the repartition.
So the partition graph changes.

Step 1: Check its neighbors’ locations in the
sersing range and update the

Voronoi partition. where sensoj is a neighbor of sensarin eitherG(z) or
Step 2. Compute the variation of the coverage  G(2',). It means that to determine the updating probabil-

cost _ B ity, each sensor only requires the location information of

0 Ji= 7 (Z5NV(Zy))— 7 (zV(2) neighbors.

when sensoii moves to an adjacent

We assume here each sensocan sense neighbor
sensorj’s location in its sensing range. So once serisor
moves one ste@) ¢ can be calculated by sensobased

locationx.
Step 3: Update to Iocatiom with probability

Oz (t)—x = m SXP—a@m — [5/'] on its measurement from neighbors no matter the partition
wherea(t) |s a posmve time-varying graphG changes or not (for instance, the partition graph
parameter. does not change in Fig. 4, while it changes in Fig. 5 since

sensor 3 has only three neighbors, nameR; 7 after one

From Step 3 of the algorithm, we can see that the’teP moving). . . . .
probability for sensori to remain in the current location ~ Remark 3.1:This local updating rule in the algorithm

is above indicates that if a sensor moves to an adjacent
1-— z Oz (1) - location for which the coverage cost becomes worse, then
NG () the probability of going to that location decreases in terms

of an exponential function.

Notethatd ¢ in Step 2 can indeed be rewritten as . . o .
/l P Remark 3.2:For implementation, it is required that

0 4 = F(ZV(Zy)— #(zV(2) each sensor is able to sense its neighbors’ locations and
= [HAxV(Z))— ( V(2)]+ the boundary of the region in its sensing range, such that
3l (z,V(2)) — Ai(z,V(2)], it can calculate the Voronoi diagram.

10
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B. Global optimality
Now we present our main result showing that a networ
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Definition 2: [17] A time-inhomogeneous Markov

ichain is strongly ergodic if there exists a nonnegative

of msensors converges to a globally optimal configuratiorYectord satisfying|g| = 1 such that for alto

minimizing the coverage cost function with probability
one when the proposed local updating rule is applied.
Theorem 1:Suppose that a network ah sensors is
initially distributed in a given region” modeled by a
grid graphG. If a(t) > 0 is non-increasing and satisfies

a(0)>a(1)>--->tlma(t)zo, (4a)
aft) > % (4b)

wherer is the maximum path length o, and D =
max max |8 _¢#|, then them sensors converge to a glob-
ally optimal configuration minimizing the coverage cost
function # with probability one.

The proof of Theorem 1 is similar to the one for the
simulated annealing algorithm. We recall several notion
and propositions from [17]-[19].

A square matrixP is row stochastic(stochastic for
short) if it is nonnegative and every row sum equals 1
Given a stochastic matri® = (pjj) € R™", its coefficient
of ergodicity A (P) [19] is given as

A(P)=1- min_ min(piljv pizj)-
iniz,i17i2 4

Corsider a time-inhomogeneous Markov chain with
time-varying transition matri®(t). Then thes-step 6>
1) transition matrix is

s—1
P(to,to+5) = rLP(to+ k), to>0.
k=

Let v(t) denote the state probability vectortatSo v(t)
can be written as

v(t) = voP(to,to+1),

in which vy is the initial state probability vector at time
to and satisfiegvp| = 1. Throughout this appendix, the
notation| - | represents the sum of absolute values of al

entries. Next, we list a few definitions and lemmas that

will be used in the proof.
Definition 1: [19] A time-inhomogeneous Markov
chain is weakly ergodic if for altp,

lim sup|vi(t) — v2(t)| =0,
t—00 1 2

Vg Vg

wherevd andv3 are two different initial state probability
vectors at timey.

Lemma 3.1: [17] A time-inhomogeneous Markov
chain is weakly ergodic if and only if there is a strictly
increasing sequence of positive integéks},i =0,1,---
such that

51 Pk )] =

Note that weak ergodicity does not imply the existence

of limits of vectorsv(t) and v?(t) but only a tendency
towards equality of the rows d®(to,t).

1

S

lim sup|v(t) —qg| =0.
t—oo Vo
We now construct a Markov chain to describe the

evolution of the configuration of a group of sensors on
the given region¥ modeled as a grid. Suppose the total
number of grid nodes i is n. Each states represents
a configuration of then sensors in the grid. Thus, totally
there are|7'| = P m%m stees. We denote/” the
set of all the states.

In what follows, let states (configurations)v € ¥
correspond to position vectorsandZ of the m sensors.
Denotev € Ny, as the set of configurations related to
configurationu that u can be updated te by moving
sensoli one step. The cardinality of the 94§, is denoted
ny. Define?™* the set of globally optimal configurations,
e, 72 {ue¥| #(zV(2) < #(ZN(Z)) We v}
The transition matrix when sensdormoves att = Im+

i, =1,2--- can be written as
0 if VgNUi(t)U{u}’
1 —[6.4]" :
Pu(i(t)) = ¢ Mug &XP—an if ve Nui(t)'
1- z Puw(i(t)) if v=u.

WU
®)
Proof of Theorem 1: We divide our proof into two parts:
weak ergodicity and globally optimal convergence.

Firstly, we show that the time-inhomogeneous Markov
chain is weakly ergodic. As we have assumgg, < 4
andD = max max|d_#|, then from (5) it is obtained that
the transition probability fronu to v at timet is greater
than%exp% for u,ve 7 andve Ny, .

When considering only theth sensor moving, the
Eransition probability from configuration € ¥* to itself
s monotonically increasing with increasingwhile the
transition probabilities from configuratiamto neighbors
with higher costs are monotonically decreasing and con-
verging to zero. Hence, there existsuch that when >
(t" — 1)rm, the transition probability from configuration
u to itself is greater thar exp(;T?) when only sensor
moves.

Whent > (' — 1)rm, it is easily obtained by less than
rm times updating that any two configurations and u,
can reach the same configuratiohe ¥ satisfying

t+rm

)
Ryjur (t,t+rm) > Dt [(Z)GXP(W)]

wherej =1,2.

1
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So we have the coefficient of ergodicity of transition Combiningr(i(t)) and rg,(i(t)) belong to[0, 1], we have

matix P(trm,(t+1)rm) whent >t’ as

A[P(t t+1 <1-—mi in(Py,u, R
[ ( rm7( + )rm)] — Urgélgz;mln( uqus UZJ)
1 rm

<1-(3) ep( I

a(trm)

) (@)

As the term of time-varyingr (t) > lnr(rtn+D1)

obtain from (7) the following inequality

in (4b), we can

. i 1 -
Obviously, the sequenc is divergent and
y quence. frm+1 9

the limit is «. So by applying lemma.4 we obtain the

tlm 1%(i(t)) = 0. On the other hand, since the sensors
are distributed as uniformly as possible and away from
the obstacle, we can always safely assume ti; f=
Ny, =4 fori# jandue ¥, which meanﬁi{gm(i(t )=

lim 75(j(1)).

In conclusion,tﬂorprq,v(i(t)) =tlm Tiy(j(t)) for anyw e
¥ andi#j,i.e. e :tlim) m(t) is a globally optimal quasi-
stationary probability distribution.

As we have shown that the time-inhomogeneous
Markov chain here is weakly ergodic, according to Def-
inition 4.1, when we choose?(t) = m(t) for any two
different initial state probability vectorsd and v3, it is
obtained thaglgrvl(t) = ¢e". Thus, applying Definition
4.2, it concludes tha’g limup|v(t) — e =0, i.e., the

%y,

Markov chain is also strongly ergodic and theesensors

time-inhomogeneous Markov chain is weakly ergodic. Iteyentually converge to a globally optimal configuration

each other.

one. [ |

Secondly, we prove that the Markov chain is also Remark 3.3:The monotonicity ofa(t) decreasing to
strongly ergodic and converges to globally optimal con-zerg ensures that each sensor gets less and less opportu-

figurations.

We definem quasi-stationary probability distributions

{m(i(t)), i €1,2,---,m} with component

J (Z’V(Z))]

Ny, €XP[—7—

m(i(t)) = TEIT (8)
-/ (ZN(Z))
PRLT e T
Then |m(i(t))] = 1 holds. Whent =Im+i, | =1,2,---,

we have that

(i)  Mvg S (2zV(2) - 7(ZV(2))
T00) gy P alt) |
_ Ruli(t))
Rul(i(t))
forue N, oru=vin 7. So we get

i(t)

(i () Puv(i(t)) = m(i(t))Puli(t)).

Thus,
> MOPw() = 5 iO)Ruli®) = mit),

which means

mi(i(t))P(i(t)) = m(i(t)). ©)
As we have mentioned that for anye »* andv €
V]V,
mw(it)  Nug —(/(Z’\_/(Z))—/(iav(i)))].
(M) g, aft)

Since #(zV(2)) < #(Z,V(Z)) anda(t) — 0 when
time goes to infinity, it follows tha% < %E:gﬁ;; and
m(i(t))

e (D)

nui

exp|

nity to enter bad locations, while the condition (4b) guar-
antees the convergence to a globally optimal configuration
rather than being trapped in a locally optimal one.

IV. SIMULATION RESULTS

In this section, we present several simulation results
to validate the algorithm. For simplicity, we choose
f(lIp(v) — z[) = Ip(v) — 2| and @(p(v)) = 1.

We first give a simulation to illustrate that our algo-
rithm can make the sensors get out of locally optimal
configurations. The bounded regiong is a rectangle
with the horizontal width longer than the vertical width.
We initially set two sensors in the centers of the horizontal
Voronoi partition, which is a locally optimal configuration
for the cost function

m

S (2V(2) = ; e =z,

since the cost function will get increased whenever any

sensor moves. However, the cost at current configuration
is larger than the cost at the globally optimal configuration

that the two sensors lie in the centers of the vertical

\Voronoi partition.

For this setupm= 2 andrD = 5. We choosax(t) =
ﬁ. Applying the algorithm, then it is obtained that
the two sensors converge to the centers of the vertical
Voronoi partition that is a globally optimal configuration
(see Fig. 6).

Moreover, we increase the sensor number to four in
a square area as in Fig. 7. The original configuration in
Fig. 7 is a locally optimal solution. After applying the
algorithm, the four sensors converge to another one, which
is the globally optimal configuration (Fig. 8).

To verify our algorithm in nonconvex environments, we
consider five sensors in three letter-like regiddsH and

12
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Figure 6: Two sensors jump out of locally optimal config-
uraion, at the centers of the horizontal Voronoi partition
denoted byx, and converge to the globally optimal one ;
at the centers of the vertical Voronoi partition. 7

20

150 *

T OO (c) )

Figure 7: Four sensors are at the centers of the horizontal
Voronoi partition denoted by, constructing a locally
optimal configuration. © ®

Figure 9: (a), (c), and (e): Initial configurations of 5
sensors irC, H, andN like regions. (b), (d) and (f): Final

2 g configurations.

15+ 3'0.‘.

10 “uo’ "He ;

ol oo | (e). Here we again let

! S ] HA@I@)= 3 P2l

: VeV

_ igeee

) ; | | For this set up,m=5 andrD = 20. We also choose
-1 Wg'm' oo 1 aft) = In%[%' The final configurations after applying
-1% "‘3 1 the algorithm are depicted in Fig. 9 (b), (d) and (f),

L respectively. From the simulation results, we observe that
the sensors asymptotically position themselves at optimal
locations for coverage of the given region.
Figure 8: Four sensors jump out of locally optimal con- In addition, we extend the sensor number to 10 with the
figuration, and converge to the globally optimal offein ~ same setup and show how the sensors converge to optimal
the figure represents the final configuration they achievesonfiguration with obstacles that may block sensors. The
simulation results are shown in Fig. 10 and Fig. 11.
At last, a simulation with nonuniform density function
@ is given. The density of the darker (pink) region on
the left is twice of the right one. The 5 sensor nodes are
N. The sensors are initially placed at random spots in thaitially distributed in Fig. 12 and converge to the globally
grid in the given regions as shown in Fig. 9 (a), (c) andoptimal configuration recorded in Fig. 13, from which it

13
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Figure 10: Initial configuration of 10 sensors in a square-igure 13: Final configuration of 5 sensors achieved after

regon with (blue H shaped area) inside.

apdying our algorithm, from which it can be seen that

the sensor nodes are denser in the lighter (pink) region.

30

20

10

-10

-20

-30.

-30 -20 30

Figure 11: Final configuration of 10 sensors achieved afte\;v

apdying our algorithm.

Figure 12: Initial configuration of 5 sensors in a nonuni-
form density region. The density of the darker (pink)
region on the left is twice of the right one.

(1]

(2]

(3]

[4]

(5]

can be noticed that the sensor nodes are denser in thgs]

darker (pink) region.

V. CONCLUSION

[7]

This paper investigates a distributed coverage algorithm

which results in global optimality for the traditional
coverage problem. For a given (convex or nonconvex

) (8]

bounded region, each mobile sensor updates its location

to one of its adjacent positions with probabilidy which

1

4

only depends on the locations of its neighbors and a time-
varying parameterr(t). It is shown that by choosing
appropriatea (t), the sensors are guaranteed to converge
to a globally optimal configuration with probability one.
As a future work, an important issue is to improve
the convergence rate of the algorithm. Simultaneously
updating the positions of sensors might be a direction
to go.
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