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Abstract—In this paper, we propose a fully graph-based 

iterative detection and decoding scheme for Low-Density 

Parity-Check (LDPC) coded generalized two-dimensional 

(2D) intersymbol interference (ISI) channels. The 2D 

detector consists of a downtrack detector based on the 

symbol-level sum-product algorithm (SPA) and a bit-

level SPA-based crosstrack detector. A LDPC decoder 

based on simplified check node operations is also 

proposed to provide soft information for the 2D channel 

detector. Numerical results show that the proposed 

receiver achieves better performance as compared with 

the trellis-based BCJR detector over 2×2 2D channels 

while at a significantly lower computational complexity. 
 
Index Terms—LDPC decoding, symbol-level, sum-product 

algorithm, two-dimensional partial-response channels 

 

I. INTRODUCTION 

Detection over Two-Dimensional (2D) intersymbol 

interference (ISI) channels arises from the development 

of page-oriented memories [1] and next-generation ultra-

high-density data storage systems, such as bit patterned 

media recording (BPMR) [2], Heat-Assisted Magnetic 

Recording (HAMR) [3], etc. For these systems, 

interference arising from adjacent tracks becomes non-

negligible, which gives rise to a 2D intersymbol 

interference (ISI) model when considered together with 

the downtrack interference. The 2D ISI model is found in 

wireless communication applications, for instance, 

multiple-input multiple-output (MIMO) systems [4] and 

filter bank multi-carrier (FBMC) systems [5]. Moreover, 

it can be used to characterize the inter-cell interference 

(ICI) [6] that exists in solid-state non-volatile memories 

(NVM). 

In [7], it is shown that the maximum-likelihood 

sequence detection (MLSD) for 2D ISI channels is a non-

polynomial (NP)-hard problem. In [8], a maximum a 

posterior probability (MAP) detector was proposed to 

process three adjacent tracks to detect bits in the middle 

track. In [9], an iterative detection algorithm was 

proposed based on a specific assumption that the 2D 

channel matrix can be written as the product of two one-
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dimensional (1D) vectors. In [10], a graph-based 

detection scheme was proposed for a rate-1/2 binary 

Low-Density Parity-Check (LDPC) coded generalized 

2D channel, which, however, suffers from serious 

performance degradation when high-rate LDPC codes are 

used due to the existence of numerous short cycles in the 

bit-level 2D channel graph. In [11], an iterative 

row/column 2D detector was developed based on the 

trellis-based BCJR algorithm. It is shown that the BCJR-

based 2D detector performs better than other schemes 

including the row-column soft-decision-feedback 

algorithm (RCSDFA) [12] and the Markov chain Monte 

Carlo (MCMC)-based algorithm [13] when a rate-0.89 

LDPC code is transmitted over 2D channels. 

Of particular interest to data storage systems are high-

rate LDPC codes with low-encoding complexities, such 

as Quasi-Cyclic (QC) codes whose encoders can be 

implemented based on linear feedback shift registers [14], 

or extended irregular accumulate (eIRA) codes [15] with 

encoding directly based on the parity-check matrix. The 

decoding complexity of high-rate LDPC codes, however, 

still remains an issue as they typically have a much larger 

check-node degree dc as compared with low-rate codes. 

When decoded with the Sum-Product Algorithm (SPA) in 

the Log-Likelihood Ratio (LLR) domain [16], the 

conventional check-node operation based on 

forward/back recursions [17], [18] has a complexity 

growing linearly with dc, which is computationally 

intensive for large values of dc. 

In this paper, we first propose a fully graph-based 

detector and decoder for LDPC coded generalized 2D 

channels. The 2D detector consists of a symbol-level 

SPA-based downtrack detector and a bit-level SPA-based 

crosstrack detector. The channel graph can be combined 

with the LDPC code graph to form an overall graph, thus 

making it possible to propagate soft messages through 

these three components in a flooding schedule. To reduce 

the decoding complexity of high-rate LDPC codes, we 

thereby restrict the check-node operation to a subset 

corresponding to the Q smallest reliabilities among all dc 

bit-to-check messages, 2≤Q≤dc. An attenuation factor is 

introduced to compensate for the over-estimation of LLR 

reliabilities. Simulation results show that with properly 

adjusted parameters, the proposed receiver achieves a 

noticeable performance gain over the BCJR-based 

scheme [11] for a 2×2 2D channel; while the LDPC 
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decoding complexity becomes comparable to that of the 

Min-Sum algorithm. 

II. SYSTEM MODEL 

The system model of a binary LDPC coded 2D ISI 

channel is shown in Fig. 1.  

 

 

 

 

 

 

 

 

 

 

Fig. 1. System model of LDPC coded 2D ISI channels 

The data sequence of K bits is passed to a high-rate 

LDPC encoder to generate a block of N code bits. The 

code bits are mapped to bipolar modulated bits b and 

scanned into an l×l matrix, where l is the square root of 

the LDPC codeword length. The channel output is an l×l 

matrix R with elements given by [9]. 
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where the 2D ISI is generated based on the 2D 

convolution of the channel response matrix h and the 

transmitted bit matrix b, ni,j denotes additive white 

Gaussian noise (AWGN) with zero mean and variance 

σ2=No/2, No is the noise one-side power spectral density 

level, and m+1 denotes the number of elements over 

which the ISI extends in each dimension. The channel 

response matrix h in our simulations is a 2×2 matrix 

given by, 
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where the upper-left entry 1 is the coefficient 

corresponding to the currently transmitted bit. The user 

signal-to-noise ratio (SNR) is defined as 

                   22

10 2log10SNR REbh  dB                   (3) 

where h  is the 2-norm of the 2D channel matrix and Eb 

is the energy per data bit. Prior to transmission, a width-m 

guard band of −1 bits is added around the bit matrix for 

the purpose of isolating sectors and providing termination 

for detection algorithms. 

III. GRAPH-BASED DETECTION AND LDPC DECODING 

The proposed receiver consists of a graph-based 2D 

channel detector and a low-complexity LDPC decoder, 

where the former is composed of two components, i.e., a 

symbol-level SPA-based downtrack detector and a bit-

level SPA-based crosstrack detector. In the proposed 

scheme, symbol-level soft information is exchanged 

between the downtrack and the crosstrack detector, while 

the soft information of binary LDPC code bits is 

exchanged between the crosstrack detector and the LDPC 

decoder at each iteration. 

A. Symbol-Level SPA-based Downtrack Detector 

Let us define an (m+1)-tuple binary vector in the 

crosstrack direction as a downtrack transmitted symbol 

xi,j=[bi,j,bi-1,j,…,bi-m,j]. The 2D channel can be viewed as a 

symbol-input 1D downtrack channel with memory length 

equal to m, which can be represented by a symbol-level 

trellis with pm states per trellis stage and p branches 

departing from each state, where the downtrack symbol 

size is p=2(m+1).  

For the ith track, i=0,…,l−1, an alternative 

representation of the downtrack channel can be 

formulated based on the concept of the factor graph [19], 

[20]. In Fig. 2(a), the downtrack channel graph for a 2×2 

2D matrix is presented, where circles are used to denote 

symbol nodes corresponding to the ith row of transmitted 

symbols and squares denote channel check nodes 

describing ISI in the downtrack direction. Note that the 

guard band is also represented in the downtrack channel 

graph, which corresponds to m degree-1 symbol nodes. 

Hence, the number of symbol nodes and check nodes in 

the downtrack graph per row is (l+2m) and (l+m), 

respectively; while the channel check-node degree is m+1. 

Contrary to the LDPC code graph, the channel 

observation R is directly input to check nodes instead of 

to symbol nodes; while the a priori information Lct→dt of 

symbols x fed back from the crosstrack detector is input 

to symbol nodes, where the subscript ct and dt denotes 

the crosstrack and downtrack detector, respectively.  

From a local perspective, the symbol-level SPA 

produces the a posteriori probability (APP) LLR of 

symbols x connected to a check node ck, k=0,…,(l+m)−1, 

as shown in Fig. 2(b), 
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where the superscript (ck) denotes variables associated 

with ck, the superscript dt denotes the soft information 

produced by the downtrack detector, the subscript z 

denotes the zth symbol connected to the check node ck, 

z=0,…,m, the scalar  kc

iR  denotes the channel output in 

the ith row corresponding to ck, and  kc

zλ  denotes the a 

priori information provided by symbol nodes that 

participate in check ck. After some manipulations, we 

have derived the following expression, 
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where the metric in the downtrack direction is given by, 
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, hz is the zth column of the 2D matrix h, z=0,…,m, and c 

is the symbol value taken by the connected symbol nodes. 

The summations in (5) are performed over all p(m+1) 

combinations of m+1 symbols. Hence, the computational 

complexity of the localized APP computation in (5) is 
  2

12 mO , where the complexity is defined as the number 

of times that the metric (6) is evaluated per symbol node. 

Following (6), we proceed to obtain the extrinsic 

information dt

scL of downtrack transmitted symbols x by 

subtracting the a priori LLR from the APP LLR, which 

will be used as the input to symbol nodes as, 

                        λΛL 

dtdt

sc
                                     (7)  

where the subscript c→s denotes messages passed from 

check nodes to symbols nodes. Subsequently, the symbol 

nodes perform the summation operation over all 

incoming check-to-symbol messages except the message 

on the current edge in order to obtain the extrinsic 

symbol-to-check information dt

csL  to the check node. 

After several message-passing iterations, the downtrack 

detector passes the extrinsic information 
ctdtL  of 

transmitted symbols x to the crosstrack detector as an a 

priori input for further detection. 

 

  
 

Fig. 2. Symbol-Level 1D downtrack channel graph for a 2×2 2D matrix. 

for illustration purposes, transmitted bits over 2D channels are arranged 

into an 8×8 matrix.   

B. Bit-Level SPA-Based Crosstrack Detector 

For the jth column, j=0,…,l−1, the crosstrack detector 

views the extrinsic information 
ctdtL  of downtrack 

symbols x, which is produced by the downtrack detector, 

as an input over a (m+1)-tap 1D binary-input channel. 

The other input is the a priori information of LDPC code 

bits fed back from the LDPC decoder. Similarly, these 

two inputs are fed into the check nodes and bit nodes of 

the crosstrack graph, respectively.  

Since the crosstrack graph represents ISI between 

adjacent bits, the bit-level SPA can be used to produce 

the extrinsic information of LDPC code bits, which will 

be passed into the LDPC decoder for processing. When 

local iterations are invoked between the downtrack 

detector and the crosstrack detector, we need to further 

modify the SPA to generate the extrinsic information 

dtctL  of downtrack symbols x, which will be fed back to 

the downtrack detector as the a priori information. 

C. Simplified LDPC Decoding 

For clarity purposes, we take the conventional 

notations of LDPC decoding used in the literature, e.g., 

[16], [17]. Let us denote the set of bits that participate in 

check m by N(m)={n: Hmn=1}, and the set of checks in 

which bit n participates as M(n)={m: Hmn=1}, m=0,…, 

M−1 , n=0,…, N−1. Let N(m)\n represent the exclusion of 

n from N(m), while M(n)\m represents the exclusion of m 

from M(n). Let εn denote the a priori information of bit n. 

Let εm→n and εn→m denote messages passed from check m 

to bit n and vice versa in the LDPC code graph, 

respectively. Let βn denote the a posteriori LLR of LDPC 

code bit n. The LLR-domain SPA decoder for LDPC 

decoding involves a check-node update followed by a bit-

node update, which are given by (8) and (9), respectively, 
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where the superscript i denotes the ith decoding iteration, 

the bit-to-check input is given by      111 
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If the syndrome check is satisfied, the LDPC decoder 

is terminated earlier; otherwise, the decoder continues 

until the maximum number of iterations is reached. The 

computational complexity of the SPA per bit per iteration 

is dominated by the LDPC check-node degree dc. From 

(8), it is observed that the dominant terms in the check 

node operation correspond to those with the smallest 

reliabilities among all dc bit-to-check inputs. If we restrict 

the computations to these Q least reliable inputs, 2≤Q≤dc, 

we have a low-complexity check-node operation as 

follows. For the mth check node, find the set 

S={S1,S2,…,SQ} of the Q least reliable components 

among all dc bit-to-check messages such that 

mnmn ji    , Si ,   S\mNj , where the LLR 

reliability is measured in terms of its magnitude. For each 

 mNn , the check-to-bit message can be efficiently 

generated by only using these Q least reliable inputs in 

the magnitude computation rather than all dc inputs as    
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while the sign computation is still done by an XOR 

operation over the signs of all dc inputs. In practical 

implementations, the magnitude computation is usually 

performed based on the forward/back recursion over a 

single-state trellis of single-parity-check (SPC) code as 

described in [18]. Since the simplified decoder requires 

only Q check-node inputs in the magnitude computation, 

the computational cost per check node is reduced to 

3Q−4 core operations, where the core operation between 

the LLR of two random variables is defined in [18]. For 

(a) 

 

(b) 

 

 kc
λ

 

 kc

iR  
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large values of dc, this is a significant reduction from 

3dc−4 core operations as required by the conventional 

check-node operation in (8). For example, the percentage 

of the complexity reduction with dc=32 and Q=3 is 90.6%. 

Of particular interest is the special case of Q=2. The 

simplified decoder with Q=2 bears much resemblance to 

the conventional Min-Sum decoder, which is the simplest 

variant of the SPA, in that the decoder needs to know 

only the least two inputs to each check node. For the 

simplified decoder, the magnitude of the generated 

check-to-bit message on the minimum (or the second 

minimum, respectively) position is directly given by the 

second minimum (or the minimum, respectively) 

magnitude, which is identical to the Min-Sum algorithm; 

while the magnitudes of check-to-bit messages on the 

other dc−2 reliable positions involve the computation of a 

correction factor given by check node inputs a and b, i.e.,  

              bababaf  exp1logexp1log,        (11) 

which can be approximated by using a lookup table. 

Hence, the complexity of the simplified LDPC decoder 

with Q=2 is slightly higher than that of the Min-Sum 

decoder, as the only computation required is dc lookup 

operations to approximate correction factors for all dc 

check nodes per iteration.  

The decomposition of a 2D channel into a downtrack 

channel and a crosstrack channel significantly reduces the 

number of short cycles in the channel graph. For a 2×2 

matrix, no cycles exists in the channel graph in either the 

downtrack or the crosstrack dimension as shown in Fig. 2 

(a), thus allowing the SPA to achieve the performance of 

the optimal trellis-based BCJR algorithm. In contrast, the 

number of length-4 cycles in the channel graph 

constructed directly based on the 2D matrix as in [9], [10] 

is much larger, e.g., 8,320 for a 64×64 bit matrix. On the 

other hand, a properly designed high-rate LDPC code, 

though eliminating length-4 cycles, generally has length-

6 cycles in the code graph [21], [22]. It is known that the 

SPA tends to over-estimate the reliabilities of messages 

propagated over a code graph with short cycles. To 

improve the performance, we further introduce an 

attenuation factor to scale down LLR reliabilities 

produced by either the 2D detector or the LDPC decoder. 

In the simulations, we reduce the magnitude of check-to-

bit messages produced by LDPC check nodes by 

multiplication with a factor α<1.     

Fig. 3 shows the block diagram of the graph-based 

receiver. The LDPC code graph, which forms the upper 

two layers, is a Tanner graph describing connections 

between check nodes and bit nodes. The third layer 

denotes the set of crosstrack check nodes, which are 

concatenated to LDPC code bits. This layer is also 

connected to the layer of symbol nodes in the downtrack 

graph to provide the soft information of downtrack 

symbols; while the channel output is input to the layer of 

downtrack check nodes. In addition to the overall 

iteration between the 2D detector and the LDPC decoder, 

various types of local iterations can be introduced to 

achieve tradeoffs between performance and complexities, 

e.g., local iterations between check nodes and symbol (bit, 

respectively) nodes in the downtrack (crosstrack, 

respectively) graph, iterations between the downtrack and 

the crosstrack detector, iterations between the crosstrack 

detector and the LDPC decoder, and iterations between 

LDPC check nodes and LDPC bit nodes. Since the LDPC 

code graph is concatenated with the 2D channel graph to 

form an overall graph, we can effectively propagate soft 

messages through the combined graph in a flooding 

schedule. 

IV. PERFORMANCE RESULTS 

The LDPC code used in the simulation is constructed 

based on extended Reed-Solomon (eRS) codewords [21] 

defined in GF(25), where a 4×32 sub-array of 32×32 

permutation matrices is taken to form a 128×1024 parity-

check matrix with column weight 4 and row weight 32. 

The null space of the parity-check matrix gives a (4, 32)-

regular LDPC code of rate 0.889 and code length 1024. 

The LDPC codeword is written into a 32×32 matrix 

before transmission over a 2×2 2D channel. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3. Block diagram of the graph-based receiver for LDPC coded 2D 

channels. 

We first present the bit-error-rate (BER) and frame-

error-rate (FER) performance with various 

detector/decoder schedules. The conventional BCJR-

based receiver [11] performs 5 turbo iterations between 

the 2D detector and the LDPC decoder; while a 

maximum of 30 iterations is used in the LDPC decoding 

per turbo iteration (i.e., schedule labeled 5/30). The 

graph-based receiver adopts the flooding schedule, i.e., 

performs at most 50 iterations between the 2D detector 

and the LDPC decoder; while one message-passing step 

between LDPC check nodes and bit nodes is performed 

per iteration (i.e., labeled 1/1). Fig. 4 shows that the 

flooding schedule performs noticeably better than the 

conventional schedule, and the performance gain tends to 

widen with increasing SNR. Moreover, the graph-based 

detector achieves performance identical to the BCJR (1/1) 
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detector, since no cycle exists in the downtrack/crosstrack 

graph for 2×2 2D channels. Hence, in the following we 

only focus on the flooding schedule. 
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Fig. 4. Performance of the graph-based iterative receiver with various 

detector/decoding schedules over a 2×2 2D channel. 
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Fig. 5. BER performance of the graph-based iterative receiver with 

various simplified LDPC decoders over a 2×2 2D channel. 

4 4.2 4.4 4.6 4.8 5 5.2 5.4 5.6 5.8 6
10

-5

10
-4

10
-3

10
-2

10
-1

10
0

Eb/No (dB)

F
E

R

 

 

SPA

Q=2

Q=3

Q=4

Min-Sum

 
Fig. 6. FER performance of the graph-based iterative receiver with 

various simplified LDPC decoders over a 2×2 2D channel. 

In Fig. 5, we present the performance of the graph-

based receiver with the simplified LDPC decoder. It is 

shown that the Min-Sum decoder performs worse than 

the conventional SPA decoder by 0.5 dB at the BER of 

10-5. The simplified decoder with Q=2 achieves a 

performance gain of 0.2 dB over the Min-Sum decoder. 

The decoder with Q=4 performs very close to the SPA by 

restricting the check node computations to 4 instead of all 

32 bit-to-check inputs, thus achieving a complexity 

reduction of 87.5%.  The frame error rate (FER) 

performance of the receiver is shown in Fig. 6, where 

similar performance differences are observed.  

Fig. 7 shows the average number of overall iterations 

required for various receivers. It is shown that the 

receiver with the Min-Sum decoder requires the largest 

number of iterations throughout the simulated SNR range. 

At Eb/No=5.8 dB, the receivers with simplified LDPC 

decoders need approximately 5 iterations out of 50 

iterations to find a valid LDPC codeword 
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Fig. 7. Average number of overall iterations required by the graph-based 

iterative receiver with various simplified LDPC decoders over a 2×2 2D 

channel. 
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Fig. 8. Performance of the graph-based iterative receiver with various 

attenuation factors over a 2×2 2D channel. 

In Fig. 8, we present the performance of the receiver 

with various attenuation factors. The value of Q in the 

LDPC decoding is set to Q=2. It is shown that at lower 

values of Eb/No, BER changes slightly with the factor. 

With increasing SNR, BER performance can be 

significantly improved by properly scaling down LLR 

reliabilities propagated over the channel or the code 

graph. Moreover, the BER curve is shown to be a good 

cost function for optimizing the attenuation factor. Fig. 8 
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shows that the optimal factor is α=0.625 for Eb/No=5.4 dB. 

Ideally, the optimal factor should be chosen according to 

SNR values, the 2D channel matrix, and LDPC coding 

schemes, which, however, is computationally intensive 

when determined by simulations. 

To reduce the complexity, we assume that the 

attenuation factor a remains constant throughout the 

simulation, i.e., we set a=0.625 for the considered 2D 

matrix. In fact, little performance improvement is 

obtained when the factor is optimized specifically for 

different iteration or SNR. Fig. 9 shows that with the 

introduced attenuation factor, the graph-based receiver 

using the simplified LDPC decoder (Q=2) performs even 

better than the BCJR-based scheme (1/1) with the full-

complexity SPA-based LDPC decoder by a non-

negligible gain at the BER of 10-5. Note that the LDPC 

decoder with Q=2 succeeds in reducing the number of 

core operations required per check node by a significant 

percentage of 93.75%. Similar performance gain is also 

observed for a longer (4096, 3750) eIRA code. The eIRA 

code is constructed based on the method in [15], whose 

parity-check matrix has a column weight 5 in the 

randomly constructed left submatrix and a column weight 

2 in the double-diagonal right submatrix; while the 

rightmost column has weight 1. Compared with using a 

fixed factor of a=0.625 for all columns of the irregular 

parity-check matrix, there is little performance 

improvement in using attenuation factors individually 

optimized for various column weights. Moreover, Fig. 9 

suggests that the performance gain tends to become more 

evident with increasing SNR values. 
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Fig. 9. Performance of the graph-based iterative receiver with the Q=2 

simplified LDPC decoder over a 2×2 2D channel. 

V. CONCLUSION 

In this paper, we propose a fully graph-based iterative 

detection and decoding scheme for LDPC coded 

generalized 2D channels. The proposed 2D detector 

consists of a symbol-level SPA-based downtrack detector 

and a bit-level SPA-based crosstrack detector. A 

simplified LDPC decoder is also proposed to produce soft 

information for the 2D detector, which significantly 

reduces the decoding complexity by restricting check-

node computations to dominant bit-to-check inputs. An 

attenuation factor is further introduced and optimized to 

compensate for the over-estimation of LLR reliabilities. 

The decomposition of a 2×2 2D channel into a downtrack 

channel and a crosstrack channel completely removes 

short cycles in the channel graph in either the downtrack 

or the crosstrack dimension. Simulation results show that 

with properly adjusted parameters, the proposed fully-

graph-based receiver achieves better performance and 

also significantly reduces the decoding complexity as 

compared with the previous trellis-based scheme for 

generalized 2×2 2D channels. 
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