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Abstract—The optimised degree six 3-modified chordal 

ring, 𝐶𝐻𝑅6𝑜3  is a parallel processing network topology 

for large networks modelled after Graph Theory. This 

paper applies the proposed optimum free-table routing 

algorithm to this network with the aim of providing a 

means of measuring and determining its layer shortest 

paths, thereby enabling the estimation of its performance 

parameters of diameter and average path length. Lemmas 

were presented based on the developed routing scheme of 

𝐶𝐻𝑅6𝑜3  regarding conditions for the existence of layer 

shortest paths in its networks, along with the algorithm to 

be translated into a source code. Layer shortest paths are 

important in faster communication between network 

nodes.  
 
Index Terms—Chorda.l ring, networking, routing, shortest path, 

topology. 

 

I. INTRODUCTION 

A critical step in parallel network design is choosing a 

good seed topology. This interconnection topology 

influences its overall performance, as it governs how 

easily processor units can communicate with each other 

in a network. A good seed topology for an 

interconnection network has good communication 

parameters; low diameters and low average path lengths; 

as well as low complexity of routing and high fault 

tolerance [1]. Graph theory provides models to design, 

analyse parameters, and improve on these interconnection 

networks.  

One such model is the chordal ring, first implemented 

in 1981 [2]. A chordal ring is essentially a ring topology 

with additional links connecting non-adjacent nodes. Its 

degree represents the number of nodes each node of the 

network is connected to. The chordal ring has many 

favourable properties; relatively low diameters and 

average path lengths, symmetry or asymmetry which 

reduces routing complexity [3], and good fault tolerance 

as there are multiple paths through which a message from 

a source node can reach its destination node. Over the 
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years, various authors [4], [5] have been improving on the 

performance of chordal rings. 

Routing is the process of determining the layer shortest 

paths through which nodes can communicate with each 

other through network topology. An earlier approach to 

this problem was compact routing [6], which utilised 

routing tables, and hence required extra space at every 

node to store this information about the layer shortest 

paths. If a message reaches an intermediate node, it will 

need to refer to the table for the next links to forward the 

message. The optimum free-table routing algorithm was 

later proposed as another approach [7], which is loosely 

based on the breadth-first search algorithm. It does not 

require additional space for routing tables, giving it an 

advantage over most routing algorithms. 

In this paper, the optimum free-table routing algorithm 

used to find the layer shortest paths in the degree four 

modified chordal ring [7] will be rewritten to search for 

the layer shortest paths in the networks of the degree six 

chordal ring topology, the optimised degree six 3-

modified chordal ring, 𝐶𝐻𝑅6𝑜3. The first section of this 

paper provides a brief introduction to parallel processing 

networks, chordal rings, and routing; the second section 

introduces the optimised degree six 3-modified chordal 

ring and its theoretical formulations; the third section 

discusses the optimum free-table routing algorithm 

applied to this network topology; and the fourth part 

concludes the paper. 

II. THE OPTIMISED DEGREE SIX 3-MODIFIED CHORDAL 

RING, 𝐶𝐻𝑅6𝑜3 

The optimised degree six 3-modified chordal ring, 

𝐶𝐻𝑅6𝑜3  [8], an improvement over the degree six 3-

modified chordal ring, 𝐶𝐻𝑅6𝑚3 [9], is defined as follows: 

Definition 1. The optimised degree six 3-modified 

chordal ring 𝐶𝐻𝑅6𝑜3  denoted as 

𝐶𝐻𝑅6𝑜3(𝑁, 𝑠, ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6)  is an undirected 

circulant graph. The number of nodes, 𝑁 as well as all 

chord lengths ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, and ℎ6  must be divisible 

by 3. Every 3 nodes are grouped into a class. 

All the first nodes in the class, 𝑁3𝑖−3  (e.g. nodes 

0,3,6, …) are connected together by chords +ℎ1(𝑚𝑜𝑑 𝑁), 
−ℎ1(𝑚𝑜𝑑 𝑁), +ℎ2(𝑚𝑜𝑑 𝑁), and −ℎ2(𝑚𝑜𝑑 𝑁). 
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All the second nodes in the class, 𝑁3𝑖−2  (e.g. nodes 

1,4,7, …) are connected together by chords +ℎ3(𝑚𝑜𝑑 𝑁), 
−ℎ3(𝑚𝑜𝑑 𝑁), +ℎ4(𝑚𝑜𝑑 𝑁), and −ℎ4(𝑚𝑜𝑑 𝑁). 

All the third nodes in the class, 𝑁3𝑖−1  (e.g. nodes 

2,5,8, …) are connected together by chords +ℎ5(𝑚𝑜𝑑 𝑁), 
−ℎ5(𝑚𝑜𝑑 𝑁), +ℎ6(𝑚𝑜𝑑 𝑁), and −ℎ6(𝑚𝑜𝑑 𝑁), 
where 𝑖 = 0,1,2, …. Further conditions are that ℎ1 < ℎ2 , 

ℎ3 < ℎ4 , ℎ5 < ℎ6; and 3 ≤ ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6 <
𝑁

2
. An 

example of 𝐶𝐻𝑅6𝑜3 is shown in Fig. 1. 

 
Fig. 1. 𝐶𝐻𝑅6𝑜3(33,1,3,12,6,15,6,9). 

The optimal diameter of 𝐶𝐻𝑅6𝑜3 is given by [10], 

𝐷(𝐺)  

=
1

16
(17 − 16𝑆 + 8√−4𝑆2 −

109

64
+
1719

512 ∙ 𝑆
) 

 
 

(1) 

where, 

𝑆 = √
1

192
(𝑄 +

4852 − 576 ∙ 𝑁𝑑𝑜
𝑄

) −
109

768
 

 
(2) 

and, 

𝑄3

= (435103 + 23544 ∙ 𝑁𝑑𝑜)

+ 8√(54388 + 2943 ∙ 𝑁𝑑𝑜)
2 − (1213 − 144 ∙ 𝑁𝑑𝑜)

3 

 
 

(3) 

The average optimal path length of 𝐶𝐻𝑅6𝑜3  for 

𝐷(𝐺) > 2 is given by [10], 

𝑑𝑎𝑣𝑜   

=
1

5
∙

64[𝐷(𝐺)]5 − 215[𝐷(𝐺)]4 + 210[𝐷(𝐺)]3

+260[𝐷(𝐺)]2 − 229[𝐷(𝐺)]

16[𝐷(𝐺)]4 − 68[𝐷(𝐺)]3

+122[𝐷(𝐺)]2 − 52[𝐷(𝐺)]

 

≈
4

5
[𝐷(𝐺)] +

57

80
 

 
 
 

(4) 
 
 

(5) 

III. OPTIMUM FREE-TABLE ROUTING ALGORITHMS FOR 

𝐶𝐻𝑅6𝑜3 

The main difference between the optimum free-table 

routing algorithm [7] and other routing algorithms such 

as compact routing [6] is that instead of having a full 

routing table stored at every node, it instead has the 

information of its adjacent nodes. This enables every 

source node to map out paths to their destination nodes 

based on the layer shortest paths between every pair of 

nodes. 

In the optimised degree six 3-modified chordal ring, 

𝐶𝐻𝑅6𝑜3 , the layer shortest path will be some 

combination of the links +𝑠, −𝑠, +ℎ1 , −ℎ1 , +ℎ2 , −ℎ2 , 

+ℎ3 , −ℎ3 , +ℎ4 , −ℎ4 , +ℎ5 , −ℎ5 , +ℎ6 , and −ℎ6 , 

depending on the connectivity of each node the path 

passes through. The ‘+’ and ‘−‘ signs represent a path in 

the ‘clockwise’ and ‘anticlockwise’ directions in the 

chordal ring respectively [11]. Searching is carried out in 

the order ±𝑠 → ±ℎ1 → ±ℎ2 → ±ℎ3 → ±ℎ4 → ±ℎ5 →
±ℎ6 under the assumption that no node or link failure has 

occurred. This algorithm does not consider redundancies 

and takes the first node it finds [7]. This means that if 

layer shortest path from a particular source node to a 

particular destination node has been found, the algorithm 

will ignore subsequent layer shortest path between the 

two aforementioned nodes [11]. Searching is complete 

when there is a path from a source node to every node in 

the network. For example, consider the routing scheme of 

𝐶𝐻𝑅6𝑜3(33,1,3,12,6,15,6,9) previously shown in Fig. 1. 

Three source nodes will be considered because there are 

three nodes in a class of 𝐶𝐻𝑅6𝑜3. Beginning with a 𝑁0, a 

first node in a class of 𝐶𝐻𝑅6𝑜3, 𝑁3𝑖−3, the first layer of 

routing for this source node maps out the shortest paths to 

six other nodes, as shown in Fig. 2 by the links of 

𝐶𝐻𝑅6𝑜3(33,1,3,12,6,15,6,9) highlighted in red. 

 
Fig. 2. First layer of routing for the source node 𝑁3𝑖−3. 

𝟎 → 𝟏  

𝟎 → 𝟑𝟐   

𝟎 → 𝟑  

(+𝑠)  
(−𝑠)  
(+ℎ1)  

𝟎 → 𝟑𝟎  

𝟎 → 𝟏𝟐 

𝟎 → 𝟐𝟏 

(−ℎ1)  
(+ℎ2)  
(−ℎ2)  

 

The second layer of routing involves nodes that are no 

longer adjacent to the particular source node, 𝑁0. From 

these six nodes in the first layer of routing, searching 

continues based on the algorithm to map out the layer 

shortest paths to another 22 nodes as shown in Fig. 3 by 

the links of 𝐶𝐻𝑅6𝑜3(33,1,3,12,6,15,6,9)  highlighted in 

blue. These nodes are as follows: 
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Fig. 3. Second layer of routing for the source node 𝑁3𝑖−3. 

𝟏 → 𝟐  

𝟏 → 𝟕  

𝟏 → 𝟐𝟖  

𝟏 → 𝟏𝟔  

𝟏 → 𝟏𝟗  

𝟑𝟐 → 𝟑𝟏  

𝟑𝟐 → 𝟓  

𝟑𝟐 → 𝟐𝟔 

𝟑𝟐 → 𝟖   

𝟑𝟐 → 𝟐𝟑  

𝟑 → 𝟒  

(+𝑠 + 𝑠)  
(+𝑠 + ℎ3)  
(+𝑠 − ℎ3)  
(+𝑠 + ℎ4)  
(+𝑠 − ℎ4)  
(−𝑠 − 𝑠)  
(−𝑠 + ℎ5) 
(−𝑠 − ℎ5) 
(−𝑠 + ℎ6)  
(−𝑠 − ℎ6)  
(+ℎ1 + 𝑠)  

𝟑 → 𝟔  

𝟑 → 𝟏𝟓  

𝟑 → 𝟐𝟒  

𝟑𝟎 → 𝟐𝟗  

𝟑𝟎 → 𝟐𝟕  

𝟑𝟎 → 𝟗  

𝟑𝟎 → 𝟏𝟖  

𝟏𝟐 → 𝟏𝟑  

𝟏𝟐 → 𝟏𝟏 

𝟐𝟏 → 𝟐𝟐 

𝟐𝟏 → 𝟐𝟎 

(+ℎ1 + ℎ1)  
(+ℎ1 + ℎ2)  
(+ℎ1 − ℎ2)  
(−ℎ1 − 𝑠)  
(−ℎ1 − ℎ1)  
(−ℎ1 + ℎ2)  
(−ℎ1 − ℎ2)  
(+ℎ2 + 𝑠)  
(+ℎ2 − 𝑠)  
(−ℎ2 + 𝑠)  
(−ℎ2 − 𝑠)  

 

As layer shortest paths to all nodes in 

𝐶𝐻𝑅6𝑜3(33,1,3,12,6,15,6,9) have not be found for the 

source node 𝑁0, a third layer of searching is required, as 

shown in Fig. 4 by the links of 

𝐶𝐻𝑅6𝑜3(33,1,3,12,6,15,6,9)  highlighted in green, 

mapping out routes to the four remaining nodes:  

 

 
Fig. 4. Third layer of routing for the source node 𝑁3𝑖−3. 

𝟕 → 𝟐𝟓  

𝟐𝟖 → 𝟏𝟎  
(+𝑠 + ℎ3 − ℎ4)  
(+𝑠 − ℎ3 + ℎ4)  

𝟏𝟔 → 𝟏𝟕  

𝟓 → 𝟏𝟒  
(+𝑠 + ℎ4 + 𝑠)  
(−𝑠 + ℎ5 + ℎ6)  

 

It can be seen that redundancies are not considered in 

the sense that nodes with layer shortest paths previously 

found are not considered while searching. Routing with 

the second and third nodes in a class of 𝐶𝐻𝑅6𝑜3, 𝑁3𝑖−2 
and 𝑁3𝑖−1  respectively, is carried out in the same way. 

The following lemmas are results from the routing 

schemes. 

Lemma 1. In an unweighted and undirected 𝐶𝐻𝑅6𝑜3 

these layer shortest paths from any source node to any 

destination node is divided into two cases: 

1. The layer shortest path is exactly one (= 1) if 
the destination node is adjacent to its source 

node. 

2. The layer shortest path is more than one (> 1) if 
the destination node is not adjacent to its source 

node. 

Proof: 

Let 𝐶𝐻𝑅6𝑜3(33,1,3,12,6,15,6,9)  be an unweighted 

and undirected chordal ring as shown in Fig. 1, where 𝑖 in 

subsequent notations represents some source node and 𝑗 
some destination node. Referring to the routing scheme of 

𝐶𝐻𝑅6𝑜3(33,1,3,12,6,15,6,9) shown in Fig. 2, the source 

node 𝑁0 is adjacent to the six nodes 𝑁1, 𝑁32, 𝑁3, 𝑁30, 𝑁12, 

and 𝑁21 . It can be generalised that 𝑁3𝑖−3
+𝑠
→ 𝑁3𝑗−2 , 

𝑁3𝑖−3
−𝑠
→ 𝑁3𝑗−1 , 𝑁3𝑖−3

+ℎ1
→  𝑁3𝑗−3 , 𝑁3𝑖−3

−ℎ1
→  𝑁3𝑗−3 , 

𝑁3𝑖−3
+ℎ2
→  𝑁3𝑗−3, and  𝑁3𝑖−3

−ℎ2
→  𝑁3𝑗−3. Hence, the layer 

shortest path consists of only the one link between 

adjacent nodes, and is 1. However, the source node 𝑁0 is 

not adjacent to the destination node 𝑁25 . Based on the 

routing scheme in Fig. 4, the layer shortest path between 

these two nodes is through the two intermediate nodes 𝑁1 
and 𝑁7 , 𝑁0 → 𝑁1 → 𝑁7 → 𝑁25 . It can be generalised as 

𝑁3𝑖−3
+𝑠
→ 𝑁3𝑗−2 , 𝑁3𝑖−2

+ℎ3
→  𝑁3𝑗−2 , and 𝑁3𝑖−2

−ℎ4
→  𝑁3𝑗−2 , 

implying that the path consists of 3 links. This shows that 

the layer shortest path between non-adjacent nodes 

involves multiple links and is more than one (> 1). 
Lemma 2. A layer shortest path cannot contain any 

±𝑠 → ∓𝑠 , ±ℎ1 → ∓ℎ1 , ±ℎ2 → ∓ℎ2 , ±ℎ3 → ∓ℎ3 , 

±ℎ4 → ∓ℎ4, ±ℎ5 → ∓ℎ5 , ±ℎ6 → ∓ℎ6  in any part of its 

path. 

Proof: 

Based on the routing scheme from Fig. 2 to Fig. 4, 

such combinations of links do not exist. This form of 

‘backtracking’ leads to the layer shortest path not being 

achieved. In practice, a same message reaches a node 

multiple times, and errors will arise due to routing loops. 

Lemma 3. The searching process for destination nodes 

is faster in a high layer. 

Proof: 

Comparing the second layer of routing shown in Fig. 3 

with the third and last layer of routing in Fig. 4, there are 

fewer destination nodes in the third layer compared to the 

second. Since the algorithm does not consider 

redundancies, it does not map layer shortest paths to 

nodes that have already been reached in prior layers, 

leading to fewer destination nodes to search for. 

An optimum free-table routing algorithm to determine 

a path from a source node, 𝑢 to a destination node, 𝑣 can 

then be written based on this routing scheme. There are 

six different algorithms since source and intermediate 

nodes have to be considered for each node in a class of 

𝐶𝐻𝑅6𝑜3 . Taking Algorithm 1 as an example to further 

Journal of Communications Vol. 12, No. 12, December 2017

679©2017 Journal of Communications



describe the notations used,  𝑃𝑗
(𝑁3𝑖−3,𝑑) refers to a  𝐽 −th 

path from a particular source node 𝑁3𝑖−3 to a destination 

node, 𝑑 ; 𝐼  is a set of positive integers representing the 

initial nodes; and 𝑁  represents the number of nodes 

(network size). 𝑢𝑖  in the algorithms represent particular 

source or intermediate nodes and 𝑣𝑖 represents the nodes 

adjacent to them. 

 

Algorithm 1. Paths selected with source node 𝑁3𝑖−3 
 

start 𝑃𝑗
(𝑁3𝑖−3,𝑑) = {0,1,… , 𝑁 − 1}; 𝑗 ∈ 𝐼 

for 𝑖 ∈ 𝐼 calculate 𝑢𝑖
(𝑁3𝑖−3,𝑑) and 𝑣𝑖

(𝑁3𝑖−3,𝑑) 

if 𝑖 = 1 then 

𝑣𝑖
(𝑁3𝑖−3,𝑑) = 𝑢𝑖

(𝑁3𝑖−3,𝑑) + 𝑠(𝑚𝑜𝑑 𝑁) 
 else if 𝑖 = 2 then 

𝑣𝑖
(𝑁3𝑖−3,𝑑) = 𝑢𝑖

(𝑁3𝑖−3,𝑑) − 𝑠(𝑚𝑜𝑑 𝑁) 
else if 𝑖 = 3 then 

𝑣𝑖
(𝑁3𝑖−3,𝑑) = 𝑢𝑖

(𝑁3𝑖−3,𝑑) + ℎ1(𝑚𝑜𝑑 𝑁) 
else if 𝑖 = 4 then 

𝑣𝑖
(𝑁3𝑖−3,𝑑) = 𝑢𝑖

(𝑁3𝑖−3,𝑑) − ℎ1(𝑚𝑜𝑑 𝑁) 
else if 𝑖 = 5 then 

𝑣𝑖
(𝑁3𝑖−3,𝑑) = 𝑢𝑖

(𝑁3𝑖−3,𝑑) + ℎ2(𝑚𝑜𝑑 𝑁) 
else if 𝑖 = 6 then 

𝑣𝑖
(𝑁3𝑖−3,𝑑) = 𝑢𝑖

(𝑁3𝑖−3,𝑑) − ℎ2(𝑚𝑜𝑑 𝑁) 
  end if 

  store 𝑢𝑖
(𝑁3𝑖−3,𝑑) into memory 

  store 𝑢𝑖
(𝑁3𝑖−3,𝑑) into 𝐸𝑖

(𝑁3𝑖−3,𝑑) 

 end for 

end 

 

Algorithm 2. Paths selected with source node 𝑁3𝑖−2 
 

start 𝑃𝑗
(𝑁3𝑖−2,𝑑) = {0,1,… , 𝑁 − 1}; 𝑗 ∈ 𝐼 

for 𝑖 ∈ 𝐼 calculate 𝑢𝑖
(𝑁3𝑖−2,𝑑) and 𝑣𝑖

(𝑁3𝑖−2,𝑑) 

 if 𝑖 = 1 then 

𝑣𝑖
(𝑁3𝑖−2,𝑑) = 𝑢𝑖

(𝑁3𝑖−2,𝑑) + 𝑠(𝑚𝑜𝑑 𝑁) 
 else if 𝑖 = 2 then 

𝑣𝑖
(𝑁3𝑖−2,𝑑) = 𝑢𝑖

(𝑁3𝑖−2,𝑑) − 𝑠(𝑚𝑜𝑑 𝑁) 
else if 𝑖 = 3 then 

𝑣𝑖
(𝑁3𝑖−2,𝑑) = 𝑢𝑖

(𝑁3𝑖−2,𝑑) + ℎ3(𝑚𝑜𝑑 𝑁) 
else if 𝑖 = 4 then 

𝑣𝑖
(𝑁3𝑖−2,𝑑) = 𝑢𝑖

(𝑁3𝑖−2,𝑑) − ℎ3(𝑚𝑜𝑑 𝑁) 
else if 𝑖 = 5 then 

𝑣𝑖
(𝑁3𝑖−2,𝑑) = 𝑢𝑖

(𝑁3𝑖−2,𝑑) + ℎ4(𝑚𝑜𝑑 𝑁) 
else if 𝑖 = 6 then 

𝑣𝑖
(𝑁3𝑖−2,𝑑) = 𝑢𝑖

(𝑁3𝑖−2,𝑑) − ℎ4(𝑚𝑜𝑑 𝑁) 
  end if 

  store 𝑢𝑖
(𝑁3𝑖−2,𝑑) into memory 

  store 𝑢𝑖
(𝑁3𝑖−2,𝑑) into 𝐸𝑖

(𝑁3𝑖−2,𝑑) 

 end for 

end 
 

Algorithm 3. Paths selected with source node 𝑁3𝑖−1 
 

start 𝑃𝑗
(𝑁3𝑖−1,𝑑) = {0,1,… , 𝑁 − 1}; 𝑗 ∈ 𝐼 

for 𝑖 ∈ 𝐼 calculate 𝑢𝑖
(𝑁3𝑖−1,𝑑) and 𝑣𝑖

(𝑁3𝑖−1,𝑑) 

 if 𝑖 = 1 then 

𝑣𝑖
(𝑁3𝑖−1,𝑑) = 𝑢𝑖

(𝑁3𝑖−1,𝑑) + 𝑠(𝑚𝑜𝑑 𝑁) 
 else if 𝑖 = 2 then 

𝑣𝑖
(𝑁3𝑖−1,𝑑) = 𝑢𝑖

(𝑁3𝑖−1,𝑑) − 𝑠(𝑚𝑜𝑑 𝑁) 
else if 𝑖 = 3 then 

𝑣𝑖
(𝑁3𝑖−1,𝑑) = 𝑢𝑖

(𝑁3𝑖−1,𝑑) + ℎ5(𝑚𝑜𝑑 𝑁) 
else if 𝑖 = 4 then 

𝑣𝑖
(𝑁3𝑖−1,𝑑) = 𝑢𝑖

(𝑁3𝑖−1,𝑑) − ℎ5(𝑚𝑜𝑑 𝑁) 
else if 𝑖 = 5 then 

𝑣𝑖
(𝑁3𝑖−1,𝑑) = 𝑢𝑖

(𝑁3𝑖−1,𝑑) + ℎ6(𝑚𝑜𝑑 𝑁) 
else if 𝑖 = 6 then 

𝑣𝑖
(𝑁3𝑖−1,𝑑) = 𝑢𝑖

(𝑁3𝑖−1,𝑑) − ℎ6(𝑚𝑜𝑑 𝑁) 
  end if 

  store 𝑢𝑖
(𝑁3𝑖−1,𝑑) into memory 

  store 𝑢𝑖
(𝑁3𝑖−1,𝑑) into 𝐸𝑖

(𝑁3𝑖−1,𝑑) 

 end for 

end 

 

Algorithm 4. Paths selected with intermediate node 𝑁3𝑖−3 
 

start 𝐸𝑗
(𝑁3𝑖−3,𝑑) = {0,1, … , 𝑁 − 1}; 𝑗 ∈ 𝐼 

for 𝑖 ∈ 𝐼 calculate 𝑢𝑖
(𝑁3𝑖−3,𝑑) and 𝑣𝑖

(𝑁3𝑖−3,𝑑) 

 if 𝑖 = 1 then 

𝑣𝑖
(𝑁3𝑖−3,𝑑) = 𝑢𝑖

(𝑁3𝑖−3,𝑑) + 𝑠(𝑚𝑜𝑑 𝑁) 

if 𝑣𝑖
(𝑁3𝑖−3,𝑑) == 𝐸𝑗

(𝑁3𝑖−3,𝑑) then 

𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑛𝑜𝑑𝑒𝑠 ≔ 𝑣𝑖
(𝑁3𝑖−3,𝑑) 

  end if 

 else if 𝑖 = 2 then 

𝑣𝑖
(𝑁3𝑖−3,𝑑) = 𝑢𝑖

(𝑁3𝑖−3,𝑑) − 𝑠(𝑚𝑜𝑑 𝑁) 

if 𝑣𝑖
(𝑁3𝑖−3,𝑑) == 𝐸𝑗

(𝑁3𝑖−3,𝑑) then 

𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑛𝑜𝑑𝑒𝑠 ≔ 𝑣𝑖
(𝑁3𝑖−3,𝑑) 

  end if 

else if 𝑖 = 3 then 

𝑣𝑖
(𝑁3𝑖−3,𝑑) = 𝑢𝑖

(𝑁3𝑖−3,𝑑) + ℎ1(𝑚𝑜𝑑 𝑁) 

if 𝑣𝑖
(𝑁3𝑖−3,𝑑) == 𝐸𝑗

(𝑁3𝑖−3,𝑑) then 

𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑛𝑜𝑑𝑒𝑠 ≔ 𝑣𝑖
(𝑁3𝑖−3,𝑑) 

  end if 

else if 𝑖 = 4 then 

𝑣𝑖
(𝑁3𝑖−3,𝑑) = 𝑢𝑖

(𝑁3𝑖−3,𝑑) − ℎ1(𝑚𝑜𝑑 𝑁) 

if 𝑣𝑖
(𝑁3𝑖−3,𝑑) == 𝐸𝑗

(𝑁3𝑖−3,𝑑) then 

𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑛𝑜𝑑𝑒𝑠 ≔ 𝑣𝑖
(𝑁3𝑖−3,𝑑) 

  end if 

else if 𝑖 = 5 then 

𝑣𝑖
(𝑁3𝑖−3,𝑑) = 𝑢𝑖

(𝑁3𝑖−3,𝑑) + ℎ2(𝑚𝑜𝑑 𝑁) 

if 𝑣𝑖
(𝑁3𝑖−3,𝑑) == 𝐸𝑗

(𝑁3𝑖−3,𝑑) then 

𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑛𝑜𝑑𝑒𝑠 ≔ 𝑣𝑖
(𝑁3𝑖−3,𝑑) 

  end if 

else if 𝑖 = 6 then 

𝑣𝑖
(𝑁3𝑖−3,𝑑) = 𝑢𝑖

(𝑁3𝑖−3,𝑑) − ℎ2(𝑚𝑜𝑑 𝑁) 

if 𝑣𝑖
(𝑁3𝑖−3,𝑑) == 𝐸𝑗

(𝑁3𝑖−3,𝑑) then 

𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑛𝑜𝑑𝑒𝑠 ≔ 𝑣𝑖
(𝑁3𝑖−3,𝑑) 

  end if 

 end if 

 store 𝑢𝑖
(𝑁3𝑖−3,𝑑) into 𝐸𝑖

(𝑁3𝑖−3,𝑑) 

end for 

end 

 

Algorithm 5. Paths selected with intermediate node 𝑁3𝑖−2 
 

start 𝐸𝑗
(𝑁3𝑖−2,𝑑) = {0,1, … , 𝑁 − 1}; 𝑗 ∈ 𝐼 

for 𝑖 ∈ 𝐼 calculate 𝑢𝑖
(𝑁3𝑖−2,𝑑) and 𝑣𝑖

(𝑁3𝑖−2,𝑑) 

 if 𝑖 = 1 then 

𝑣𝑖
(𝑁3𝑖−2,𝑑) = 𝑢𝑖

(𝑁3𝑖−2,𝑑) + 𝑠(𝑚𝑜𝑑 𝑁) 

if 𝑣𝑖
(𝑁3𝑖−2,𝑑) == 𝐸𝑗

(𝑁3𝑖−2,𝑑) then 

𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑛𝑜𝑑𝑒𝑠 ≔ 𝑣𝑖
(𝑁3𝑖−2,𝑑) 

  end if 
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 else if 𝑖 = 2 then 

𝑣𝑖
(𝑁3𝑖−2,𝑑) = 𝑢𝑖

(𝑁3𝑖−2,𝑑) − 𝑠(𝑚𝑜𝑑 𝑁) 

if 𝑣𝑖
(𝑁3𝑖−2,𝑑) == 𝐸𝑗

(𝑁3𝑖−2,𝑑) then 

𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑛𝑜𝑑𝑒𝑠 ≔ 𝑣𝑖
(𝑁3𝑖−2,𝑑) 

  end if 

else if 𝑖 = 3 then 

𝑣𝑖
(𝑁3𝑖−2,𝑑) = 𝑢𝑖

(𝑁3𝑖−2,𝑑) + ℎ3(𝑚𝑜𝑑 𝑁) 

if 𝑣𝑖
(𝑁3𝑖−2,𝑑) == 𝐸𝑗

(𝑁3𝑖−2,𝑑) then 

𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑛𝑜𝑑𝑒𝑠 ≔ 𝑣𝑖
(𝑁3𝑖−2,𝑑) 

  end if 

else if 𝑖 = 4 then 

𝑣𝑖
(𝑁3𝑖−2,𝑑) = 𝑢𝑖

(𝑁3𝑖−2,𝑑) − ℎ3(𝑚𝑜𝑑 𝑁) 

if 𝑣𝑖
(𝑁3𝑖−2,𝑑) == 𝐸𝑗

(𝑁3𝑖−2,𝑑) then 

𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑛𝑜𝑑𝑒𝑠 ≔ 𝑣𝑖
(𝑁3𝑖−2,𝑑) 

  end if 

else if 𝑖 = 5 then 

𝑣𝑖
(𝑁3𝑖−2,𝑑) = 𝑢𝑖

(𝑁3𝑖−2,𝑑) + ℎ4(𝑚𝑜𝑑 𝑁) 

if 𝑣𝑖
(𝑁3𝑖−2,𝑑) == 𝐸𝑗

(𝑁3𝑖−2,𝑑) then 

𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑛𝑜𝑑𝑒𝑠 ≔ 𝑣𝑖
(𝑁3𝑖−2,𝑑) 

  end if 

else if 𝑖 = 6 then 

𝑣𝑖
(𝑁3𝑖−2,𝑑) = 𝑢𝑖

(𝑁3𝑖−2,𝑑) − ℎ4(𝑚𝑜𝑑 𝑁) 

if 𝑣𝑖
(𝑁3𝑖−2,𝑑) == 𝐸𝑗

(𝑁3𝑖−2,𝑑) then 

𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑛𝑜𝑑𝑒𝑠 ≔ 𝑣𝑖
(𝑁3𝑖−2,𝑑) 

  end if 

 end if 

 store 𝑢𝑖
(𝑁3𝑖−2,𝑑) into 𝐸𝑖

(𝑁3𝑖−2,𝑑) 

end for 

end 

 

Algorithm 6. Paths selected with intermediate node 𝑁3𝑖−1 
 

start 𝐸𝑗
(𝑁3𝑖−1,𝑑) = {0,1, … , 𝑁 − 1}; 𝑗 ∈ 𝐼 

for 𝑖 ∈ 𝐼 calculate 𝑢𝑖
(𝑁3𝑖−1,𝑑) and 𝑣𝑖

(𝑁3𝑖−1,𝑑) 

 if 𝑖 = 1 then 

𝑣𝑖
(𝑁3𝑖−1,𝑑) = 𝑢𝑖

(𝑁3𝑖−1,𝑑) + 𝑠(𝑚𝑜𝑑 𝑁) 

if 𝑣𝑖
(𝑁3𝑖−1,𝑑) == 𝐸𝑗

(𝑁3𝑖−1,𝑑) then 

𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑛𝑜𝑑𝑒𝑠 ≔ 𝑣𝑖
(𝑁3𝑖−1,𝑑) 

  end if 

 else if 𝑖 = 2 then 

𝑣𝑖
(𝑁3𝑖−1,𝑑) = 𝑢𝑖

(𝑁3𝑖−1,𝑑) − 𝑠(𝑚𝑜𝑑 𝑁) 

if 𝑣𝑖
(𝑁3𝑖−1,𝑑) == 𝐸𝑗

(𝑁3𝑖−1,𝑑) then 

𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑛𝑜𝑑𝑒𝑠 ≔ 𝑣𝑖
(𝑁3𝑖−1,𝑑) 

  end if 

else if 𝑖 = 3 then 

𝑣𝑖
(𝑁3𝑖−1,𝑑) = 𝑢𝑖

(𝑁3𝑖−1,𝑑) + ℎ5(𝑚𝑜𝑑 𝑁) 

if 𝑣𝑖
(𝑁3𝑖−1,𝑑) == 𝐸𝑗

(𝑁3𝑖−1,𝑑) then 

𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑛𝑜𝑑𝑒𝑠 ≔ 𝑣𝑖
(𝑁3𝑖−1,𝑑) 

  end if 

else if 𝑖 = 4 then 

𝑣𝑖
(𝑁3𝑖−1,𝑑) = 𝑢𝑖

(𝑁3𝑖−1,𝑑) − ℎ5(𝑚𝑜𝑑 𝑁) 

if 𝑣𝑖
(𝑁3𝑖−1,𝑑) == 𝐸𝑗

(𝑁3𝑖−1,𝑑) then 

𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑛𝑜𝑑𝑒𝑠 ≔ 𝑣𝑖
(𝑁3𝑖−1,𝑑) 

  end if 

else if 𝑖 = 5 then 

𝑣𝑖
(𝑁3𝑖−1,𝑑) = 𝑢𝑖

(𝑁3𝑖−1,𝑑) + ℎ6(𝑚𝑜𝑑 𝑁) 

if 𝑣𝑖
(𝑁3𝑖−1,𝑑) == 𝐸𝑗

(𝑁3𝑖−1,𝑑) then 

𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑛𝑜𝑑𝑒𝑠 ≔ 𝑣𝑖
(𝑁3𝑖−1,𝑑) 

  end if 

else if 𝑖 = 6 then 

𝑣𝑖
(𝑁3𝑖−1,𝑑) = 𝑢𝑖

(𝑁3𝑖−1,𝑑) − ℎ6(𝑚𝑜𝑑 𝑁) 

if 𝑣𝑖
(𝑁3𝑖−1,𝑑) == 𝐸𝑗

(𝑁3𝑖−1,𝑑) then 

𝑟𝑒𝑑𝑢𝑛𝑑𝑎𝑛𝑡 𝑛𝑜𝑑𝑒𝑠 ≔ 𝑣𝑖
(𝑁3𝑖−1,𝑑) 

  end if 

 end if 

 store 𝑢𝑖
(𝑁3𝑖−1,𝑑) into 𝐸𝑖

(𝑁3𝑖−1,𝑑) 

end for 

end 

IV. COMPARISON OF RESULTS 

The routing algorithm was ran as a computer 

simulation for the range of 𝑁 = 30  to 𝑁 = 120  to 

determine the diameter and average path lengths of 

𝐶𝐻𝑅6𝑜3 . This was done to validate the values of the 

performance parameters estimated by the formulae in 

equations (1) – (5). The comparison of diameter results 

obtained from routing with those generated by the 

formulae in equations (1) – (3) is shown in Fig. 5. 

 
Fig. 5. Comparison of the diameters of 𝐶𝐻𝑅6𝑜3.  

 
Fig. 6. Comparison of the average path lengths of 𝐶𝐻𝑅6𝑜3.  

The diameters obtained from routing and those 

obtained from equations (1) to (3) were pooled into three 

groups; < 60 , < 90 , and ≤ 120  before carrying out a 

chi-squared test at 𝛼 = 0.01. This was done to reduce its 

degrees of freedom and because theoretical values in this 

test must be at least 5. At 𝛼 = 0.01, there is not enough 

evidence to say the diameters obtained from routing are 

different from those obtained from the formulations, 

indicating quite a good fit. The comparison of average 

path length results obtained from routing with those 
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generated by the formula in equations (4) and (5) is 

shown in Fig. 6. 

The values of the average path length of 𝐶𝐻𝑅6𝑜3  in 

the range of network sizes tested through routing are 

slightly higher than those estimated by theoretical 

formulations by 0.154 on average with a standard 

deviation of 0.015. 

V. CONCLUSION 

This paper proposes an optimum free-table routing 

algorithm for a new degree six chordal ring as a step in 

determining its layer shortest paths, which are important 

in determining its performance later on. The advantage of 

using this routing algorithm is that it chooses paths based 

on its connectivity instead of referring to a routing table, 

which requires additional memory, thus the latency of 

routing. A possible next step is developing a broadcasting 

algorithm for 𝐶𝐻𝑅6𝑜3  to aid its implementation as a 

large multiprocessor interconnection network, based on 

this proposed routing algorithm along with its symmetric 

properties and properties of connectivity [8]. 
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