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Abstract—In this paper, a precoding scheme for multiple
antenna systems with space-time coding over correlated Ricean
channels is proposed. Based on the channel mean and receive-
side spatial correlation, the proposed scheme obtains the
solution of the power allocation and beamforming matrix of the
precoder iteratively. Unlike most of existing precoder designs in
literatures that have expensive computations and cannot
guarantee the design algorithms to converge, the convergence of
the proposed scheme is guaranteed. By exploiting the special
structure of beamforming matrix, a steepest descent method on
the Riemannian manifold is proposed for the optimization of
beamforming matrix. Simulation results show that the proposed
optimal scheme not only achieves superior bit error rate (BER)
performance to those of the existing ones, but also provides a
guaranteed-convergent solution under different channel
conditions.

Index Terms—correlated Ricean channel, transmit precoding,
Riemannian manifold, steepest descent method

I. INTRODUCTION

Multiple input multiple output (MIMO) system, which
deploys multiple antenna elements at each link-end, can
significantly improve cell coverage [1] and system
capacity [2] compared with conventional single antenna
system. Earlier works on MIMO used space-time block
codes (STBC) to exploit spatial diversity [3]. Recently,
by exploiting perfect or partial channel state information
at transmitter (CSIT), linear precoding with the statistical
channel mean and covariance matrix as feedback can
improve the channel capacity and bit error rate (BER)
performance [4]-[9].

Different from the precoder design over Rayleigh
fading channels [4], [5], the optimal beamforming
directions cannot be easily determined only based on the
knowledge of transmit-side correlation in a light-of-sight
(LOS) environment. In [6], a simplified scheme is
proposed to reduce the computational complexity with a
cost of performance degradation. A precoder design with
structured mean component is proposed using angular
domain CSIT in [8]. However, only the asymptotical
solution was derived. An optimal precoding scheme
proposed in [9] can be applied for MIMO with a LOS
component. Like most of design methods, it uses an

iterative procedure to obtain the precoding matrix directly.
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However, the iterative method is implemented with high
computational complexity and its convergence is not
guaranteed.

The optimization with respect to (w.r.t) the
beamforming unitary matrix can be regarded as a
problem under unitary matrix constraint. Most of
optimization methods with the unitary matrix constraint
are developed on the traditional Euclidean space by using
iterative algorithms [10]. Since the unitary matrices are
algebraically closed under the multiplication operation
rather than under addition, the unitary property is lost
after each iteration by using an iterative method based on
an additive update. Even though the optimization moves
along a straight line pointing in the right direction,
departure from the constrained manifold occurs in each
step. Actually, optimizing such an objective function on a
manifold [11]-[13], is often considered as a problem of
Riemannian geometry endowed with a Riemannian
metric [14]. The steepest descent method [11] and the
conjugate gradient method [12] have been developed to
optimize the real-valued cost function on the Riemannian
manifold of unitary matrices.

In this paper, for a downlink cellular MIMO system
over a Ricean fading channel, we consider to use both the
channel mean and receive-side spatial correlation as CSIT
for the beamforming design by minimizing a pairwise
error probability (PEP). A steepest descent method on the
Riemannian manifold is proposed under unitary matrix
constraint. Based on the proposed steepest descent
method, the unitary matrix of the design is optimized.
Simulation results show that the BER performance of
proposed precoder design outperforms the existing
schemes under different channel conditions. Moreover, it
is guaranteed to converge to the local optimal solution.

Il. SYSTEM MODEL

We consider a downlink MIMO system with N,
transmit antenna in the base station (BS), while mobile
subscriber (MS) have Nr co-located antennas regarded as
receiver. A space time encoder maps data symbols into
STBC codewords, then a linear precoding matrix,
FecVe*Ne | js applied to the codeword before
transmission. In a quasi-static and flat fading channel, the
received signal can be expressed as

Y = /[pHFC +n (6h)
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where C of size N, x T is the block codeword with
codeword length T in the orthogonal STBC (OSTBC)
codebook, n is the N, x T noise matrix with i.i.d. entries
modelled as CN(0,1), p is the total transmit power to
receive noise ratio, and H is the N, x N, MIMO channel
matrix.

Without loss of generality, the flat fading channel H
can be regarded as a sum of two components, i.e., the
deterministic LOS component and the stochastic multi-
path component, respectively. The channel matrix can be
expressed as [15]

K 1 1 1 @
H= |——H —— _R2H R?
T+ k0t |Tg Riwlr

where K is the Ricean K-factor, H,, is a complex
Gaussian random matrix with i.i.d. entries of zero-mean
and unit variance. H, is the deterministic normalized
channel mean with ||H,||2 = N,.N,. The columns of H,
can be structured as in [15]. But this paper does not
consider any structure as in [9] in order to generalize the
channel mean. Ri and Ry denote the receive and transmit
spatial correlation matrices, respectively. In this paper,
we assume that transmit antennas are independent due to
large antenna spacing in BS. Meanwhile, all the transmit
antennas experience the same spatial correlation at MS.

Thus Ry =1Iy, as in [5]. Let H=.K/1+KH, and
H=\1/1+KRY*H, . The channel is said to be
Rayleigh fading if H = 0y,.y, and Ricean fading if
H # Oy,xn, - Based on the channel model in (2), h =
vec(H™) is a circularly symmetric Gaussian random
vector with mean h = vec(H") and covariance matrix

R = E{vec(H")vec" (")} 3
_ 1
= 1+—KRR®RT 4

where [ « ]* denotes the Hermitian transpose and vec( * )
denotes the columnwise vectorization operator. As a
result, the probability density function (pdf) of A can be
expressed as

1 _ _
pr(h) nNrNt—det(mexp (_(h - h)HR_l(h - h)) )

I11. OPTIMAL PRECODER DESIGN PROBLEM
FORMULATION

In this section, we use PEP as design criterion to
formulate the optimization problem. Assuming the
receiver knows the CSI perfectly, maximum likelihood
(ML) detection can be used to perform OSTBC decoding.
With ML detection and applying the Chernoff bound of
the PEP, the probability that a transmitted codeword C is
incorrectly decoded as C can be tightly upper-bounded by

(6)

A HF||%
P(C - C|H) < exp (—M)
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where u is the factor for the minimum codeword distance
matrix, whose value is depending on the modulation
format. The PEP bound conditioned on H, denoted by
f(H, F), can be expressed in vectorized form as:

F(H,F) = exp (— %tr{HFFHH”}) @

xp(—gvect (H)dvec(H)) (8)

where g = —up/4 and
® = IQFF! 9)
By taking the expectation of f(H, F) over the pdf of h
in (5), an upper bound of the average PEP is obtained as

8]
exp(—h" ((g®)™* + R)~th)
det(Iy,y, + gRP)

where det( « ) denotes the matrix determinant. We take
the average PEP bound as the performance criterion to
design the precoder. Applying the eigenvalue

decomposition (EVD), the matrix FFH and receive
correlation matrix can be decomposed as

f(F) = (10)

FF" = Uz A UE (11)

TriRe = UgARUE (12)

Where UF = [uFl "‘uFNt] aﬂd UR = [uR1 "'uRNr]
denote the matrices of eigenvectors, and Ay =

diag[Apy -+ Apy,] and Ag = diag[Ag; - Agy, ] denote the
diagonal matrices of eigenvalues. Without loss of
generality, the eigenvalues are sorted in a decreasing
order. Using (4) and (9), we have

R = (Ur®Iy,) (4 ®1y,) (UK ®1y,) (13)

@ = (Iy,®Ur ) (In, ®45) (Iy, ®UF) (14)
and

(In,®UF)R(Iy,®Ur) = R (15)

(UEQIy, )P (UrQly,) = @ (16)

Substituting (13) - (16) into (10), the average PEP can be
expressed as

exp(—h" (Uz®UR)2~ (U QU )HR)

(17)
det(Iy,n, + gAr®Ar)

fF) =

where 2 = g7 (Iy,®@4p) ™" + (4 ®ly,) Taking
logarithm of f(F) and deleting the terms independent of F,
the objective function with power constraint can be
formulated as

N¢ Ny
maxp [(F) = L(F) + ZZ log(l + glpi/le)
i=1j=1

N
s. t.ZlFi = 1,25 20 (18)

i=1

where

L(F) = k" (Ux®Up)2 ' (UK ®UI)h (19
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Applying the identity vec(ABC) = (CT ®A)vec(B) into
(19), we get

L(F) = vec! (UFAU)DN Yvec (UFATUE) (20)

Ny

=) BlU5 Uty (21)
j=1

=¥ tr{Uf Ry; U5} (22)

— gH,,* — H ;
Where_ _bj =H "Ugj and Rgj =b;b;/" is a rank one
Hermitian matrix.

1 3\! 1\
p -+—) (A .+—) 23)
<R1 Ik R glet }

forj=1; « + « N, Itis easy to verify that b;b;/ # 0
fork #jandj,k=1; « <« <« ,N.Thusby = <+ = by,
are nonorthogonal columns.

The optimization in (18) is a highly nonlinear problem.
The design solution could be obtained by nonlinear
programming but with poor convergence and high
computational complexity [9]. In the following, an
efficient precoding scheme is proposed to obtain the
power allocation and beamforming unitary matrix,
iteratively.

5, = diag

IVV. RIEMANNIAN OPTIMIZATION METHOD

In this section, we will develop a steepest descent
method on the Riemannian manifold to optimize the
beamforming directions of the problem (18) under the
unitary matrix constraint. Most of optimization methods
with unitary matrix constraint operate on the Euclidean
space by using the Gram-Schmidt process to restore the
unitary property of the matrix [10]. Actually, all the n-th
order non-singular unitary matrices, U € C™*™, form the
manifold of unitary matrices U(n), which is a real
differentiable manifold [14]. Thus, it motivates us to
develop a steepest descent method based on the
Riemannian geometry. Firstly, an overview of the
Riemannian optimization method under the unitary
matrix constraint is presented.

A. Overview of the Riemannian Optimization Method on
U(n)

The Riemannian optimization methods are proposed to
solve optimization problem posed on a differentiable
manifold [14]. Assume a real-valued objective function L
of U defined on U(n), i.e., L: C™™ — R. The goal is to
maximize (minimize) the function L = L(U) under the
constraint that UUY = UHU = I,.

The tangent space T,U(n) of U(n) is an n? -
dimensional real vector space attached to every point
U € U(n). At the group identity I,,, the tangent space is
the real Lie algebra of skew-Hermitian matrix

u(n) =T, UMN) = {G € CV"|GH + G = 0} (24)
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Since the differential of the right translation is an
isomorphism, the tangent space at U € U(n) may be
identified with the matrix space TyU(n) ={X¢€
CYMXHY + URX = 0}.

Let X and Y be two tangent vectors. Different from
the Euclidean metric, the inner product given by [11], [12]

(X, )y = 3 Reftr(xy"),
induces the bi-invariant Riemannian metric (structure) on
U(n), where Re{. } is the real part of a complex number.

Once U(n) is equipped with the Riemannian metric
(25), the steepest descent direction of L at a given €
U(n) ), denoted by A € T,U(n), can be determined.

To satisfy the unitary matrix constraint during the
optimization, the search should be proceeded along the
manifold surface U(n) rather than along a straight line.
The curve emanating from the identity I,, with the tangent
vector G is characterized by

P, (t) = exp(tG),G € u(n) (26)
where t is a step size and controls the algorithm
convergence speed. Low computational complexity is
required to implement the matrix exponential function
whose argument, G, is a skew-Hermitian matrix and
translated from A.

We choose to follow a surface motion for the steepest
descent method due to the desirable property of U(n) that
the right multiplication is an isometry with respect to the
Riemannian metric (25). Thus, a curve emanating from U
can be expressed as

Py(t) = PL()U = exp(tG)U (27)

where Py (t) can be regarded as the updated unitary
matrix. The general procedure of Riemannian
optimization can be applied to the steepest descent
method [11], conjugate gradient method [12].

X,YEeT,U(M) (25

B. Unitary matrix design on the Riemannian Manifold
In this subsection, we will derive a local optimal solution

for the unitary matrix U in (18). The optimized Uy can
be obtained by maximizing L(F) in (22) which is
equivalent to maximizing J(F) of (18) because U is only
related to L(F). With the assumption of fixed power
allocation, L(F) in (22) can be regarded as a function of
Ur . Meanwhile, a unitary matrix constraint is implicitly
included in (22), i.e., UrUf = UfUp = Iy,. Based on
(22), the optimization problem w.r.t. Up under unitary
matrix constraint is given by

maxy, L(Up) = tr{UfRs,;UpZ;}

s.t. UpUH = Ulup = Iy, (28)

Since (28) is a unitary matrix constrained problem, we

can derive optimal Uz employing the steepest descent

method on the manifold of unitary matrices U(N,)

described in Section IV-A. The corresponding

Riemannian optimization procedure to derive optimal Up
is presented as follows
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1) Initialization: k = 1, and U}") = Iy,
2) Compute the gradient of J(Up) w.r.t. Ug on the
Euclidean space at Uy (k) .
G N
LC ) Z Ry UPS; 29
k= aU* Bj ( )
3) Compute the gradient dlrectlon on U(N,) with the
Riemannian metric (25):
G = LU +yPrH (30)
4) Determine P, emanating from identity Iy, on the
Riemannian manifold: P, = exp(tG,) witht> 0. Since
Gy is a skew-Hermitian matrix, P, will be unitary matrix.
5) Update the curve emanating from U{?: y{*® =
Py Uék) , k =k + 1. Iterate the step 2-5 until convergence.

Actually, B, can be regarded as a rotation matrix
without changing the unitary property.

C. Procedure of Precoding Design

Once Uy is determined based on the proposed steepest
descent method on the Riemannian manifold, by
substituting the obtained Uz into (19), L(F) becomes a
problem only related to the power allocation Ay =
[Ar1 -'-AFNt]T. For easy derivation, L(F) in (19) is
rewritten as

Nt
LG =

i=1j=

Ny

e

Substituting (31) into (18), the optimization problem is
reduced to

) wlhbybfiuy  (3D)

Nt Np
a
maxg J(Ap) = EZ ”g il +log(1 +g/1pl/1RJ)
1 + gAFL
i=1 j=1
N¢
S.t.z;lpi = l,ﬂ.pi >0 (32)
i=1
where  a;; = unb b up; =0 . The second order
derivative
of J(Ap) w.rt. Ag; is
Np
2] (Ap) 208 Agj 8°Ax;”
Ea) s 7 (%9
F =1 (1 + g}LFl)LR]) (1 + g}LFl)LR])

The second order derivative is always negative
implying that J(Az) is a concave function of Ag;. Since
the equality constraint is linear, (32) is a convex problem
w.rt. Az . Thus, we can always find a valid solution
{Ar;} using well-established interior-point methods [16].
Actually, we can employ the low-complexity iterative
method described in [4, Appendix C] to solve the
optimization problem in (32). Once {A;} are obtained, we
can take them into the problem (28) again to refine Uy
until convergence.
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Therefore, the optimization problem of (18) can be
solved by a two-step iterative procedure which is
summarized in Algorithm 1.

Input: U = Iy, A% = e,= unit vector
Output: Up and A5
For 1=1:Nje

With fixed Uﬁ’_l) , derive the optimal A(F” by solving

the problem in (32) using the iterative method

proposed in [4];

With fixed A(Fl), obtain the unitary matrix Ug) by

solving the problem in (28) using the Riemannian

steepest descent method;

If AL =282 < 107* then
break
End
End

Return U = Uél),and Ap = A,(,l)

Algorithm 1: Procedure of the Precoding Scheme

V. SIMULATION RESULTS

In this section, we compare the symbol error rates
(SER) with different antenna configurations for different
precoder design methods. The signal constellation is 4-
QAM. The antenna configurations of MIMO system and
the Ricean factor are shown in the captions. Monte-Carlo
simulation is employed for performance evaluation.
Equal power scheme, one-dimensional  (1D)
beamforming [7], precoder proposed in [6] and precoder
proposed in [9] are used for performance comparison
with the proposed schemes.

Scenario 1: In Fig. 1, a rank-one channel mean, i.e.,

Hy = Iyy«n¢ 1S Used for the evaluation under different
channel conditions with K = 3 and N, = N, = 2. The
spatial correlation of the pt and qth receive antennas is
given by [Rgl,, =097, pg=1,-N, . The
experimental results show that the proposed scheme and
the schemes in [6] and [9] outperform the equal power
scheme and 1-D scheme. For different antenna
configurations and Ricean factors, the proposed scheme
achieves almost the same SER performance as the
scheme in [9] and the simplified scheme in [6].

—B— Equal power scheme
4 —+— 1D-bearnforming
o —&— Pracoder in [5]
—+#— Precoder in [6]
—<— Proposed scherne

T T P R I
SNR
Fig. 1. Scenario 1: SER versus SNR, K =3, Nt=Nr=2
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Scenario 2: A none-rank-one channel mean is used for
the evaluation with K = 3 and N,. = N, = 3. The channel
mean is

1.6 0.5 —0.6i 0.7 + 0.5
Hy=|-0.8+0.4i —-0.7+0.6i —0.5+0.3i
-03-09i 0.6-0.2i 0.6 —1.2i

where i = +/—1.The receive-side correlation matrix Ry is
assumed a complex Toeplitz matrix with the first column
being

[Rgl.s=[1 —06-05i 05i]

As shown in Fig. 2, the performance of proposed
method is superior to that of the other schemes.
Performance degradation of the simplified solution in [6]
can be observed at moderate SNR region. However, the
performance of the scheme in [9] is quite sensitive to the
spatial correlation matrix Ry and the channel mean H,.
For this case, the scheme in [9] cannot always converge
to an optimal solution, thus significant performance
degradation can be observed for both moderate and high
SNR.

—H— Equal power scheme
—+— 1D-beamforming H
—&— Precader in [3]
—— Precoder in [B)
—&— Proposed scherne

SNR
Fig. 2. Scenario 2: SER versus SNR, K =3, Nt=Nr=3

V1. CONCLUSION

In this paper, an efficient precoding design for MIMO
system over Ricean fading channels is proposed. By
exploiting the unitary property, a steepest descent method
operated on the Riemannian manifold of unitary matrices

is developed to obtain the desired beamforming directions.

Simulation results show that the BER performance of the
proposed scheme is superior to those of the existing
solutions, and the convergence of the iterative design is
guaranteed under different channel conditions.
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