
Abstract— In this paper the problem of QoS-driven 

power control in the uplink of CDMA wireless networks 

supporting multiple services is considered. Due to the need 

for supporting simultaneously various services with diverse 

QoS requirements, each user is associated with a nested 

utility function which appropriately represents his degree of 

satisfaction in relation to the expected tradeoff between his 

QoS-aware actual uplink throughput performance and the 

corresponding power consumption. Based on this 

framework, the problem is formulated as a non-convex non-

cooperative Multi-Service Uplink Power Control (MSUPC) 

game where users aim selfishly at maximizing their utility-

based performance under the imposed physical limitations. 

We first prove the existence and uniqueness of a Nash 

equilibrium point of the MSUPC game, and then a 

decentralized iterative algorithm to obtain MSUPC game’s 

equilibrium point is introduced. Finally, through modeling 

and simulation, the operation and features of the proposed 

framework and the decentralized MSUPC algorithm are 

evaluated with respect to the fulfillment of assorted 

services’ QoS requirements, while numerical results and 

relevant discussions that demonstrate the tradeoffs among 

users’ channel conditions, corresponding power 

consumption and utility-based performance are presented. 

Index Terms— CDMA networks, power control, QoS, 

resource allocation, multimedia services.  

I. INTRODUCTION 

With the growing demand for high data rate and 
support of multiple services with various quality of 
service (QoS) requirements, the scheduling policy plays a 
key role in the efficient resource allocation process in 
future wireless networks. The inner characteristics of 
wireless communications in code division multiple access 
(CDMA) cellular systems, in terms of network’s scarce 
radio resources, mobile nodes’ physical limitations and 
users’ time-varying channel conditions, have motivated 
the adoption of power control in both the uplink and 
downlink communication, for proficient resource 
allocation and interference management.  

Recently, game theoretic approaches for studying 
power control in the uplink of CDMA networks have 
attracted significant attention [1], [2], as an alternative to 
traditional power control approaches that have been 
based on decisions taken in a centralized [3]-[7] or semi-
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centralized [8] way at the base station. Power control is 
modeled as a non-cooperative game where users act as 
individual players aiming at maximizing selfishly their 
degree of satisfaction, expressed by appropriately defined 
utility functions. In principle, utilities assigned to users 
are functions of the consumed power and the achieved 
signal to noise ratio, while each user determines his own 
transmission power level so as to maximize his utility.  

Intuitively, the choice of the utility functions has a 
great impact on the nature of the game and how the users 
choose their respective actions. In [9] and [10], towards 
maximizing system’s spectral efficiency, users’ utilities 
are expressed as logarithmic, concave functions of their 
signal-to-interference-plus-noise ratio (SINR). This type 
of utility functions is proportional to the Shannon 
capacity for each user, thus treating all interference as 
white Gaussian noise [11]. In [12], the utility function is 
assumed to be proportional to the user’s throughput and a 
pricing function based on the normalized received power 
of the user is proposed. S-modular power control games 
are studied in [13]. In [14] the authors use a utility 
function that measures the number of reliable bits that are 
transmitted (i.e. goodput) per joule of energy consumed. 
This is further extended in [15] by introducing pricing to 
improve the efficiency of Nash equilibrium. Joint energy-
efficient power control and receiver design has been 
studied in [16], [17] and a game theoretic approach to 
energy-efficient power allocation in multicarrier systems 
is introduced in [18]. Joint network-centric and user-
centric power control is discussed in [19], while the 
stability of distributed power control for CDMA systems 
is addressed in [20]. 

In this paper we study the problem of channel-aware 
power control in the uplink of CDMA networks 
supporting multiple services (i.e. both non-real-time and 
real-time) with various and often diverse QoS 
prerequisites via game theory.  Following recent research 
efforts and approaches, we also adopt a utility-based 
framework. However, one of the fundamental differences 
in our work lies in the definition and treatment of users’ 
utility functions, in order to fulfill simultaneously 
multiple services’ QoS performance requirements in an 
environment where the service performances are 
interrelated. Specifically, instead of simply expressing 
the tradeoff between the number of a user’s reliably 
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transmitted bits and corresponding consumed power, in 
our study a user’s utility that reflects his service QoS-
aware performance efficacy as a function of his achieved 
goodput per joule of consumed energy is considered. To 
facilitate our goal general nested utilities of users’ 
achieved goodput are adopted with respect to their 
service type, which may not be concave, therefore 
leading us to the formulation of a non-convex non-
cooperative Multi-Service Uplink Power Control 
(MSUPC) game. This generalization requires a 
significantly different treatment than the works presented 
in [16] and [20]. 

By exploiting the introduced utility-based framework, 
we identify specific designing attributes that users’ actual 
throughput utilities must encompass so as to proficiently 
express their service QoS-aware performance 
expectations. Furthermore, in our work we place special 
emphasis on multimedia services QoS prerequisites 
fulfillment in a time-varying environment. It is noted that 
in [21] a utility-based framework for reflecting real-rime 
users’ degree of satisfaction in accordance to their 
achievable goodput performance has also been 
considered, however the corresponding users’ energy 
consumption has not been taken into account and utility 
attributes are not studied. In [22], a game-theoretic 
framework has also been adopted for studying the power 
control problem in the uplink of CDMA networks 
supporting delay sensitive real-time services. 
Nevertheless, in that work and in [23], only linear 
utilities of users’ goodput are considered, while real-time 
services’ QoS requirements are expressed as statistical 
delay constraints; a consideration which in many cases is 
not sufficient since as shown in [24], [25] even if the 
delay constraints of a real-time user are satisfied, the 
degradation of his service quality may not be avoided due 
to the possibly bad channel conditions and variations. In 
this work, strict short-term throughput requirements are 
adopted for real-time multimedia services, expressed via 
their actual throughput utilities, in order to 
simultaneously satisfy both their short-term delay and 
throughput prerequisites.        

It is noted that our approach provides a methodology 
for setting and analyzing generic MSUPC games in 
CDMA wireless networks. We identify necessary and 
sufficient conditions for the existence and uniqueness of 
a Nash equilibrium point in this non-convex multi-
objective MSUPC optimization problem. Moreover, a 
low-complexity iterative algorithm for reaching MSUPC 
game’s Nash equilibrium is proposed and its convergence 
is studied. The distributed nature of MSUPC algorithm 
favors a user-centric QoS-aware uplink architecture in 
sync with future networking vision that regards as its 
foundation element a self-optimized wireless node.  
Furthermore, via modeling and simulation, we 
extensively study the properties of system’s equilibrium, 
and as a result strong correlations and tradeoffs among 

real-time services’ strict QoS requirements fulfillment, 
non-real-time services’ greedy throughput expectations, 
system’s modulation and coding schemes and users’ 
power and rate limitations are revealed. 

The rest of the paper is organized as follows. In 
section II, the system model and some background 
information are provided, while in section III users’ QoS 
properties are studied and mapped to appropriate utility 
functions. The proposed uplink power control non-
cooperative game is formulated in section IV and its 
solution is presented in section V. Section VI, contains a 
decentralized low complexity iterative algorithm for 
attaining the proposed game’s Nash equilibrium and its 
convergence is proven. Finally, section VII contains 
some numerical results and relevant discussions with 
respect to the performance of the proposed approach, 
while section VIII concludes the paper.    

II. SYSTEM MODEL & BACKGROUND INFORMATION

We examine the uplink of a single cell time-slotted 
CDMA wireless network with N(t) continuously 
backlogged users at time slot t, where S(t) denotes their 
corresponding set. A time slot is a fixed time interval and 
could consist of one or several packets. Users’ time-
varying channels are affected by fast fading, shadow 
fading, and long-time scale variations and thus, can be 
modelled as a stationary time-varying stochastic process. 
Let us denote by Gi(t) the corresponding path gain of 
each user i S at time slot t. The required information is 
assumed to be available to all users and the base station 
at the beginning of each time slot t.  In the following, 
assuming fixed users’ channel conditions within the 
duration of each time slot, we omit the notation of the 
specific slot t in the notations and definitions we 
introduce. At the beginning of each time slot t users’ 
Multi-Service Uplink Power Control (MSUPC) algorithm 
is responsible to make decisions on their transmission 
power and resulting rate in a decentralized manner. Note 
that a node’s transmission power and rate are also fixed 
within the duration of a time slot. 

Let us denote by Pi and Ri the uplink transmission 
power and transmission rate of user i S  in the slot 
under consideration, which are both upper bounded due 
to mobile node’s physical limitation 
(i.e. Max

i iP P and Max
i iR R ). Moreover, the received bit 

energy to interference density ratio at the base station 
i b oE I for each user i S is given by: 

01

, ,
( )

i i i i
i i i i N

i i i ij j i ij

W G P W G PR P P
R R I PG P G P I

      (1) 

where  denotes the orthogonality factor ( =1), W is the 
system’s spreading bandwidth, iP  denotes the users’ 
power allocation vector excluding user i and I0 contains 
the background noise and intercell interference. Thus, 

( )i iI P  actually denotes the network interference and 
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background noise at the base station when receiving data 
from user i and is given by: 

01
( ) N

i i j j i ij
I P G P G P I         (2) 

In our system we consider two basic types of users, 
namely non-real-time (NRT) users requesting delay-
tolerant high-throughput services and real-time (RT)
users with strict short-term QoS constraints. Throughout 
the rest of the paper we denote by NNRT (NRT) the number 
of non-real-time users (real-time users) and by SNRT (SRT)
the corresponding set. Due to the need for supporting 
multiple services with various QoS requirements, each 
user is associated with a proper utility function Ui which 
represents his degree of satisfaction in relation to the 
expected tradeoff between his QoS-aware utility-based 
actual uplink throughput performance and the 
corresponding energy consumption per time slot t.
Therefore, it can be expressed as: 

*
* ( , , ) ( ( ), , )( , , )

F
i i i i i i i i i i

i i i
i i

T R P P T R f P PU R P P
P P

    (3) 

where * ( )F
i i i iR R f  denotes user’s i actual uplink 

transmission rate (i.e. goodput) at the under consideration 
time slot, F

iR  denotes the user’s fixed designed 
transmission rate (i.e. F

i iR R ) and fi is his efficiency 
function. Finally, user’s i actual throughput utility Ti is 
employed to reflect, within his power control algorithm, 
his degree of satisfaction in terms of service performance 
expectations and QoS requirements fulfilment for a given 
achieved goodput, as defined in detail in the following 
section. 

The efficiency function fi represents the probability of 
a successful packet transmission for user i, and is an 
increasing function of his bit energy to interference ratio 

i at any time slot. A user’s function for the probability of 
a successful packet transmission at fixed data rate 
depends on the transmission scheme (modulation and 
coding) being used, and can be represented by a 
sigmoidal-like function of his power allocation for 
various modulation schemes [8], [16]. Therefore, a user’s 
i, efficiency function fi has the following properties: 

1) fi is an increasing function of i.
2) fi is a continuous, twice differentiable sigmoidal 

function with respect to i.
3) fi (0) = 0 to ensure that Ti = 0 when Pi = 0. 
4) fi ( ) = 1.

III. SATISFYING MULTIPLE SERVICES QOS
REQUIREMENTS

Towards designing a proficient power control 
algorithm that efficiently supports multiple services, in 
this section we formally define users’ actual throughput 
utilities as well as overall utilities per type of service. In 
general, in our study a user’s i actual throughput utility

Figure 1. Actual throughput utilities as a function of user’s achieved 
goodput. 

* *( , , ) ( )i i i i i iT R P P T R is a nested (due to the existence of fi), 
non-convex function of his achieved goodput *

iR ,
properly  
selected to reflect within his overall utility Ui and 
respective power control policy, his service performance 
requirements and QoS prerequisites under the imposed 
physical limitations. We further assume that Ti has the 
following properties. 

Assumptions: 

a) Ti is an increasing function of *
iR .

b) Ti is twice continuously differentiable. 
c) Ti(0)=0 to ensure that Ui = 0 when *

iR = 0 . 
d) Ti is bounded above (i.e. *( ) 1i iT R ). 
e) Ti is a sigmoidal-like1, a strictly concave, or a 
strictly convex function of *

iR  within its corresponding 
definition set [0, *

,Max iR ], where *
,Max iR  denotes user’s i

maximum achievable goodput. 
Note that typically, most utility functions that have 

been used in wireline [26] or wireless [8], [21] networks 
can be represented by the latter three types of functions. 
Specific examples of the actual throughput utility 
functions for both real-time and non-real-time users are 
included in section VII. In the rest of this section, we 
formally define the designing attributes that a user’s 
actual throughput utility should possess, in order to 
proficiently express his service QoS-aware performance 
expectations. 

A. Non-Real-Time Data Services  

Concerning NRT data services, Ti can be either a 
strictly convex or a strictly concave function of user’s i
achieved goodput *

iR  in order to convey his greedy, high 
throughout performance expectations. On the other hand, 
due to physical limitations the maximum goodput a NRT 
user i can achieve ( *

,Max iR ) is inherently constrained by his 

transmitter’s limitations (i.e. * Max
i i NRTR R i S , therefore 

1A function f(x) is a sigmoidal function if it has a unique inflection 
point, xInfl and 22 ( ) 0

Inflx x
d f x x and 22 ( ) 0

Inflx x
d f x x .
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*
,

Max
Max i iR R  when fi ( ) = 1) which accordingly 

determines his maximum feasible degree of satisfaction. 
Therefore, to incorporate a NRT user’s rate limitations in 
his actual throughput utility, * ( )Max

i i i iR R f  since 
( ) 1i if  and thus Ti ( *

,Max iR ) = 1 (Fig.1). Without loss of 
generality we consider:  

Definition 1. NRT Users’ Actual Throughput Utility  
*( ) ( ( ))Max

i i i i iT R T R f NRTi S , where * [0, ]Max
i iR R  and  

0i , is a strictly convex or strictly concave function of 
*
iR  with   Ti( *

,Max iR ) = Ti ( Max
iR )=1.                      

B. Real-Time Multimedia Services  

With respect to RT services, either regarding delay-
adaptive (e.g. audio and video) or rate-adaptive real-time 
applications [26], Ti is considered as a sigmoidal function 
of user’s i achieved goodput *

iR  to reflect his QoS 
performance requirements that primarily consist of short-
term throughput [24] and delay constraints. These can be 
expressed via a properly selected sigmoidal actual 
throughput utility, shaped in accordance to the RT user’s 
constant target actual rate per time slot and an 
appropriate margin factor [27]. The target actual uplink 
rate *

,T iR , indicates the ideal value of a user’s per time slot 
(to fulfill his delay constraints) actual transmission rate at 
which his service throughput QoS requirements are 
fulfilled, in order his short-term throughput requirement 
to be achieved as well, while the Margin Factor (MFi)
determines acceptable bounds of his actual achieved 
throughput deviations with respect to the target actual 
rate.  

  Specifically, a RT user’s margin factor determines 
the minimum acceptable levels of his expected actual 
throughput (i.e. * *

, ,Min i T i iR R MF ). Moreover, we argue 
that when the user’s achieved actual transmission rate 
remains within the range of * *

, ,[ , )Min i T iR R , his actual 
throughput utility must be a slowly increasing function of 
his actual data rate. On the other hand, when 

* *
,i Min iR R then his actual throughput utility should be a 

rapidly increasing function of *
iR , indicating his need to 

occupy additional system resources. Therefore, *
,Min iR

shall determine the unique inflection point of user’s 
RTi S actual throughput utility. The previous design 

option gives to a user’s power control mechanism 
operating over fast fading channels environment, the 
enhanced flexibility of decreasing his actual uplink 
throughput up to a certain level ( *

,Min iR ), if required due to 
potentially bad instantaneous channel conditions, without 
however excluding the user from transmitting data at that 
corresponding time slot. The later would occur, if a step 
function of a RT user’s actual transmission rate was used 
to reflect his corresponding degree of satisfaction.  

Furthermore, we argue that an additional increment of 
a RT user’s actual data rate from his target value, must 
not correspond to an analogous increase of his actual 
throughput degree of satisfaction and thus, the latter 
should tend asymptotically to its maximum value, 
as * *

,i Max iR R (i.e. Ti ( *
,Max iR ) = 1). The previous argument 

is based on the observation that since a RT service’s QoS 
prerequisites are fulfilled when the required target bit rate 
per time slot is achieved, an additional improvement of 
user’s actual throughput performance will not further 
improve his degree of satisfaction. Moreover, by 
restricting up to a specific level ( *

,Max iR ) the achieved 
actual uplink data rates of RT users, that due to their 
temporarily good transmission environment could receive 
more recourses than required, we get the advantage of 
reallocating the excess system resources to the un-
favored RT users (e.g. with temporally bad transmission 
environment) or NRT users, in order to increase their 
performance satisfaction.  

For practical purposes, as is the case of NRT services, 
due to users’ hardware limitations, we consider that a RT 
user’s actual throughput utility has reached a value close 
to the maximum when * *

, ,Max i T i iR R MF RTi S .

Therefore, when RTi S we set * *
,( ) ( )i T i i i iR R MF f  in 

order  *
,( ) 1i T i iT R MF , since ( ) 1i if  (Fig.1). Without 

loss of generality we declare: 
Definition 2. RT Users’ Actual Throughput Utility  

* *
,( ) (( ) ( ))i i i T i i iT R T R MF f RTi S , where 

* *
,[0, ]i T i iR R MF  and 0i , is a sigmoidal function 

of *
iR with unique inflection point *

,Infl iR as follows: 

* *
,

2 *
* * * *

, , ,* 2

( ): 0
( )

i Min i

i i
Infl i i Min i T i i

i R R

T RR R R R MF
R

   (4) 

with Ti ( *
,Max iR ) = Ti

*
,( )T i iR MF =1.               

Finally, we should underline that by properly selecting 
a RT user’s modulation and coding scheme (i.e. 
efficiency function f), his short-term throughput and thus, 
his delay prerequisites can be assured, as shown in [27].   

In accordance to (3), the overall utility function of 
each user i S can be expressed as follows: 

*

*
,

( ( ))            
( )( , )

(( ) ( ))

Max
i i i i

NRT
ii i

i i i
i i T i i i i

RT
i

T R f i S
PT RU P P

P T R MF f
i S

P

        (5) 

where * [0, ]Max
i iR R NRTi S and * *

,[0, ]i T i iR R MF RTi S

since ( ) 0,1   0i i if . Intuitively, we consider that 
( )i iU P is a non-negative, bounded above function 

for 0iP , for normalization purposes only, and thus

0lim ( ) 0
i

i iP U P  since if the user does not transmit 

data, then his satisfaction must be 0.
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IV. THE NON-COOPERATIVE MULTI-SERVICE UPLINK 
POWER CONTROL GAME 

As the system evolves, at the beginning of each time 
slot a user’s uplink power control algorithm is 
responsible for determining an appropriate uplink 
transmission power level towards maximizing his overall 
degree of satisfaction, which is reflected by the 
corresponding values of his utility. In this section, the 
main goals of the proposed MSUPC algorithm are 
analyzed and formally defined as a generic optimization 
problem in a game theoretic framework. 

Since, each user in the network aims at the 
maximization of the expectation of his utility Ui, the 
corresponding goal of user’s i MSUPC algorithm can be 
defined as the maximization of the objective function: 

max  [ ( , )]      . .  0
i

Max
i i i i iP

E U P P s t P P                (6) 

Assuming independent and identically distributed 
(i.i.d.) communications channels, the maximization of the 
average utility in expression (6) is obtained by 
maximizing the utility at every time slot t. Moreover, due 
to the users’ selfish operation, in terms of pursuing 
optimal power values towards their individual utility 
maximization, the overall network uplink power control 
problem at each time slot can be formulated as a non-
cooperative multi-service uplink power control game 
(MSUPC game).  

Let [ ,{ },{ }]i iG S A U  denote the proposed non-convex 
non-cooperative game, where S is the set of all users and 

[0, ]Max N
i iA P is the strategy set of the ith user. 

Furthermore, for fixed transmission powers of the rest of 
the users, the resulting per time slot non-cooperative 
game can be expressed as the following maximization 
problem: 

max max ( , )

. . 0
i i

i i i iP P

Max
i i

U U P P

s t P P

        

        

for i=1,…,N    (7) 

In other words, each player-user in game G picks a 
transmission power from his strategy set Ai and receives a 
payoff Ui in accordance to his best response 
policy ( ) max ( , )

i i
i i i i iP A

B P U P P .

We adopt Nash equilibrium approach towards seeking 
the solution of the non-convex non-cooperative MSUPC 
game, which is most widely used for game theoretic 
problems. A Nash equilibrium point is a set of power 
vectors, such that no user has the incentive to change his 
power level, since its utility cannot be further improved 
by making any individual changes on its value, given the 
powers of other users. Therefore: 

Definition 3. The power vector * * *
1 ,..., NP P P  is a 

Nash equilibrium of the MSUPC game, if for every i S
* * *( , ) ( , )i i i i i iU P P U P P  for all *

i iP A .         

V. TOWARDS A UNIQUE NASH EQUILIBRIUM FOR THE 
MSUPC GAME

In this section we study the existence and uniqueness 
of a Nash equilibrium point for the proposed MSUPC 
game. The following results reveal that users’ actual 
throughput utilities must comply with specific attributes 
regarding their form at the boundaries of their 
corresponding definition sets, in order to assert overall 
utilities’ soundness, and thus for a unique Nash 
equilibrium of game MSUPC to exist. The absence of the 
Nash equilibrium means that the system is inherently 
unstable. 

A. Properties of Users’ Actual Throughput Utilities  

Following the previous discussions and analysis, we 
initially study the properties of both RT and NRT users’ 
actual throughput and overall utility functions over their 
corresponding definition domains. The following two 
lemmas determine the attributes of user’s nested Ti actual 
throughput utility as a function of the achieved SINR. 
Specifically, for RT services, in accordance to definition 
2, the following lemma holds.   

Lemma 1. For RT users (i.e. RTi S ) given: a) an 
efficiency function fi( i), which is a sigmoidal function of 

i and has a unique inflection point ,
f

Infl i , and b) an actual 

throughput utility function *( )i iT R , which is  a sigmoidal 
function of *

iR  and has a unique inflection point 
* * *

, , ,Infl i Min i T i iR R R MF , where 
* * *

, ,( ) ( ) ( )i Max i i i T i i i iR R f R MF f , then function 
*

,( ) (( ) ( ))i i i T i i i iT T R MF f  is also a sigmoidal function 

of  i ( 0i ) with a unique inflection point ,Infl i  such 
that: 

* *
,1 ,1

, ,* ,*
, ,

, *
,1

, , *
,

:

Infl i f Infl i f
i Infl i Infl i i Infl i

Max i Max i
Infl i

Infl if
Infl i Infl i

Max i

R Rf when fR R

R
f

otherwiseR

 (8) 

where 1 * *
, ,i Infl i Max if R R  is the mapping of function’s 

*( )i iT R  inflection point in i axis.                                                          
Proof: See Appendix A.             

For NRT services, with respect to definition 1, the 
following lemma holds.

Lemma 2. For NRT users (i.e. NRTi S ) given: a) an 
efficiency function fi( i), which is a sigmoidal function of 

i and has a unique inflection point ,
f

Infl i , and b) an actual 

throughput utility function *( )i iT R , which is a strictly 
concave (strictly convex) function of *

iR , where 
* *

, ( ) ( )Max
i Max i i i i i iR R f R f , then the corresponding 

actual throughput utility function ( ) ( ( ))Max
i i i i i iT T R f  is 
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as follows: 

A)       if 
2

20

( )lim 0
i

i i

i

T    (
2

2
( )lim 0

i

i i

i

T )         (9)  

a sigmoidal function of i ( 0i ) with unique inflection 
point ,Infl i  for which: 

       , , , ,  (  )f f
Infl i Infl i Infl i Infl i                      (10) 

B)       if
2

20

( )lim 0
i

i i

i

T     (
2

2
( )lim 0

i

i i

i

T ).      (11) 

a strictly concave (strictly convex) function of i ( 0i ). 
Proof: See Appendix B.             

B. Properties of Overall Users’ Utilities  

In accordance to lemma 2, when *( )i iT R  is a strictly 
concave (strictly convex) function of *

iR  and equality 
(11) holds, then a NRT user’s actual throughput utility is 
also a strictly concave (strictly convex) function of i

( 0i ). The following lemma demonstrates that in such 
cases the corresponding overall utility contradicts with 
the fundamental assumptions with respect to the 
definition of Ui in section III (i.e. 0lim ( ) 0

i
i iP U P  and 

Ui(Pi) bounded above for  0iP ), and therefore these 
cases are not feasible.   

Lemma 3. When a NRT user’s actual throughput 
utility *( )i iT R is a strictly concave (strictly convex) 

function of *
iR  and 2 2

0
lim ( ) 0
i

i i iT

( 2 2lim ( ) 0
i

i i iT ) holds, then for the 

corresponding ( , )i i iU P P NRTi S  as a function of Pi,

either 0lim ( ) 0
i

i iP U P  or ( ) 0i iU P  for 0iP  (Ui(Pi)

is not bounded above for  0iP ), which in any case 
contradicts with the basic assumptions in the definition of 
Ui.

Proof: See Appendix C.             

 With respect to lemma 3, we argue that a NRT user’s 
actual throughput utility must comply only with the 
properties in relation (9). The intuition behind condition 
(9) is that the properties of a user’s utility in the domain 
of power (i.e. the basic resource that a user spends when 
transmitting data) should also hold when his utility is 
transformed in the field of i, which reflects the 
corresponding resource expended when these data are 
received by the base station. The latter occurs only when 
conditions (9) hold. Such an argument is founded on the 
interference sensitive nature of the uplink in a CDMA 
system, where the individual amount of resources (i.e. 
transmission power) that a user spends is not the only 
factor that determines his degree of satisfaction, due to 
others simultaneous transmissions that affect his achieved 
SINR and thus his actual service performance. Moreover, 

when a user’s actual throughput Ti utility attributes 
follow (11) the MSUPC game does not have a unique 
Nash equilibrium, as it is extensively analysed later.  

Based on lemma 1 and lemma 2 and taking into 
consideration the logical limitations in the definition of a 
user’s overall utility function Ui (i.e. bearing in mind in 
the rest of the paper that user’s actual throughput utilities 
are in line with equalities (9)), the following lemma 
characterizes the overall utility maximization of a single 
user when others’ transmission powers are fixed.  

Lemma 4. User’s i S  utility function ( , )i i iU P P is a 
quasi-concave function of his own power iP . Moreover, 
considering that other users’ transmission powers are 
fixed, ( , )i i iU P P for [0, ]Max

i iP P has a unique global 
maximization point: 

* *
,

*
*

( ) ( )
min{ , },    

( )min{ , },                

i T i i i i Max
i RT

i
i Max

Maxi i i i
i NRT

i

R MF I P
P i S

WG
P

R I P P i S
WG

        (12) 

where *
i  is the unique positive solution of the equation 

( ) ( ) 0i i
i i i

i

T T .                              

Proof: See Appendix D.             

Lemma 4 reveals that users’ goal to maximize their 
utility-based performance and thus their degree of 
satisfaction in terms of QoS-aware service performance 
and corresponding energy consumption, can be translated 
to a constant attempt of meeting specific SINRs *

i  (at 
the base station), which eventually leads to an SINR-
balanced network. Moreover, according to (12), if a 
user’s maximum transmission power is not sufficient for 
reaching the targeted *

i , due to his potentially bad 
channel conditions, then the best policy ( )i iB P  is to 
transmit with maximum power.  

C. Existence and Uniqueness of a Nash Equilibrium  

The following proposition asserts the existence and the 
uniqueness of a Nash equilibrium point of the proposed 
uplink power control game, and hence determines nodes’ 
transmission power vector at equilibrium.  

Proposition 1. The Nash equilibrium of the non-
cooperative game (7) is given by * * *

1 ,..., NP P P ,
where *

iP is the unique global maximization point of the 
overall user’s i utility function, given by: 

* *
,* ( ) ( )

min{ , }  i T i i i i Max
i i

i

R MF I P
P P

WG
       if RTi S ,

 and by: 
*

* ( )min{ , }
Max

Maxi i i i
i i

i

R I PP P
WG

                   if NRTi S .
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Furthermore, *
i  results from the unique positive solution 

of equation ( ( ) ) ( ) 0i i i i i iT T .
Proof: In accordance to lemma 4, the power level that 

corresponds to the maximization of user’s i S , utility-
based performance, given other users’ power levels, 
equals to the power level that maximizes the utility in (5) 
and thus, is given by (12), where *

i  is the unique 
positive solution of ( ) ( ) 0i i i i i iT T . Up to here, 
it has been argued that at Nash equilibrium point, if such 
a point exists, each user’s transmission power is pursuing 
a targeted SINR value which depends not only on the 
modulation, coding, and packet size being used 
(expressed through his appropriate efficiency function fi)
but also, is affected by RT or NRT users’ QoS 
requirements (reflected by their actual throughput utility).  

Moreover, following [14] and [15], the existence of a 
Nash equilibrium of the game in (7) can be shown via the 
quasi-concavity of each node’s utility function in his own 
power. In lemma 4 we have already shown that ( , )i i iU P P

is a quasi-concave function in [0, ]Max
i iP P , and hence 

Nash equilibrium always exists. Finally, for an S-shaped 
actual throughput utility function Ti (given that Ti obeys 
(9)), ( ) ( ) 0i i i i i iT T  has a unique solution *

i ,
which is the unique global maximizer of user’s i utility 
function. Due to the uniqueness of *

i  and the one-to-one 
relationship between uplink transmission power and 
corresponding SINR, the above Nash equilibrium is 
unique.                       

Proposition 1 indicates that if all users adopt a best 
response policy (7) governed by (12), game’s MSUPC 
unique Nash equilibrium [30] will be always reached. 
Such a strategy is formally described by the proposed 
algorithm in the following section. Concluding this 
section’s analysis we provide a necessary and sufficient 
condition for the existence of a unique Nash equilibrium 
in MSUPC game. In accordance to proposition 1, the 
existence and uniqueness of game’s MSUPC Nash 
equilibrium is founded on the quasi-concaveness 
property of users’ utilities Ui as a function of Pi and 
therefore, the S-shape property of their corresponding 
actual throughput utilities Ti as functions of the achieved 
SINR i (as lemma 4 reveals). Moreover, a generic actual 
throughput utility of a user, as defined in section III, is 
always an S-shaped sigmoidal function of i if and only if 
relation (9) holds, following lemmas 1 and 2. Therefore, 
the satisfaction of conditions in (9) not only asserts the 
proper definition of a user’s utility Ui, as argued in 
lemma 3, but also reassures system’s stability via 
guaranteeing the existence of a unique Nash equilibrium 
for the MSUPC game (7).  

Proposition 2. MSUPC non-cooperative game always 
has a unique Nash equilibrium if every user’s i actual 
throughout utility Ti, as defined in section III, possesses 
the following additional attributes: 

a) 
2

20

( )lim 0
i

i i

i

T  if  Ti is strictly concave in *
iR ,

b)
2

2
( )lim 0

i

i i

i

T  if  Ti is strictly convex in *
iR .       

Proof: Following proposition 1 and lemmas 3 and 4 
the proposition holds. Note that when Ti is a sigmoidal 
function in *

iR  no additional attributes are required for the 
existence and uniqueness of the MSUPC game’s Nash 
equilibrium.                   

VI. MSUPC ALGORITHM & CONVERGENCE

In this section, based on our previous analysis, an 
iterative and decentralized uplink power control 
algorithm for reaching the Nash equilibrium for the 
MSUPC game G at every time slot t is presented and its 
convergence is discussed. 

MSUPC Algorithm 

 (1) At the beginning of time slot t, user i, i S
transmits with a randomly selected feasible power (i.e.

*(0)0 Max
i iP P  ) power. Set k=0 and hence *(0) ,iP i S .

(2) Given the uplink transmission powers of other 
users, which is implicitly reported by the base station 
when broadcasts its overall interference ( ) ( )( )k kI P , the 
user computes ( ) ( )( )k k

i iI P  and refines his power, i.e. 
computes *( 1)k

iP in accordance to (12).   

(3) If the powers converge (i.e. *( 1) *( ) 510k k
i iP P )

then stop.  
(4) Otherwise, set k=k+1, go to step 2.  

MSUPC algorithm can be characterized as a single-
valued low complexity best response algorithm for every 
user starting from a randomly selected feasible power of 
his non-empty orthogonal strategic space Ai

(i.e *(0)
iP i S ) [30]. Under the assumption that Max

iP is
sufficiently large in order *

i can be achieved by all users, 
the convergence of MSUPC algorithm is always reached 
in accordance to (proposition 1, in [16]). In the general 
case however, the convergence of MSUPC algorithm can 
be drawn based on the supermodularity attribute of the 
under consideration game (following propositions 1 and 
3 and theorem 1, in [28]). A formal definition of a 
supermodular game for the case of single dimensional 
user strategy sets is stated in the following [15]. 
Definition 4. A game [ ,{ },{ }]i iG S A U , where S is the set 
of users/players and [0, ]Max N

i iA P is the strategy set of 
the ith user is supermodular if for each user i, ( , )i i iU P P

has nondecreasing differences (NDD) in ( , )i iP P  [15].   

As explained in [28], the sufficient conditions for a 
supermodular game are: 
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D1.   The strategy iA is a nonempty and compact sublattic. 

D2. The utility function Ui is continuous in all players’ 
strategies, is supermodular in player i’s own strategy, and 
has increasing differences between any component of 
player i’s strategy and any component of any other 
player’s strategy.                   

Regarding MSUPC game, since each user’s i strategic 
space Ai is a closed single-dimension non-empty space, 
property D1 holds. Moreover, by definition Ui is 
continuous in all users’ strategies for all i S . Each 
user’s Ui utility function is (trivially) supermodular in his 
own one-dimensional strategy space. The remaining 
increasing difference condition of Ui for any component 
of player i’s strategy and any component of any other 

player’s strategy (i.e.  
2 ( , ) 0  ,i i i

i j

U P P i j S
P P

 ) holds 

according to Theorem 1 in [28], since Ui is a quasi-
concave function of his own power iP and continuous 
inversely proportional function of others’ power iP (thus
satisfying the same properties as the utility used in [28], 
(i.e. proposition 2(ii) equation (9)).     

In accordance to proposition 3 in [28], in a 
supermodular game G: i) If the users’ best responses are 
single-valued, and each user uses the myopic best 
response updates starting from the smallest (largest) 
elements of his strategy space, then the strategies 
monotonically converge to the smallest (largest) Nash 
equilibrium, ii) If the Nash equilibrium is unique, the 
myopic best response updates globally converge to that 
Nash equilibrium from any initial strategies. 

VII. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we provide some numerical results 
illustrating the operation and features of the proposed 
framework and the MSUPC algorithm. Initially, for 
demonstration mainly purposes, we assume fixed, pre-
defined users’ channel conditions, in order to identify and 
comprehend the proposed game’s G equilibrium 
properties for various users’ channel states and services’ 
QoS characteristics. Then, assuming time-varying 
Rayleigh fading channels, system’s long-term properties 
under the proposed MSUPC algorithm are illustrated and 
the tradeoffs among user’s average channel conditions, 
corresponding power consumption and utility-based 
performance are revealed. Finally, the correlations 
between real-time multimedia and data users’ service 
performance are studied, in terms of achieved uplink 
actual throughput, power consumption and utility-based 
performance, when both types of services share the same 
available resources under time-varying channels. 

Throughout our study we consider the uplink of a 
single cell time-slotted CDMA system, supporting N=10

TABLE I
SIMULATION PARAMETER VALUES 

Parameter ( i S ) Value 
Max

iP 2 (Watt)  
*(0)

iP 2 (Watt) 
W 106 (Hz) 
I0 5*10-16

n 4 

TABLE II
QOS PREREQUISITES OF CLASS 1(NRT USERS)

               Users’ Class 
Characteristic

Class 1  
(data users) 

ic 0.001 
Max
iR 2.4(Mbps) 

*
500M 5.8 (7.6 dB) 

TABLE III
QOS PREREQUISITES OF CLASS 2 (RT USERS)

               Users’ Class 
Characteristic

Class 2  
(multimedia users) 

*
TR 128 (Kbps) 

MF 10 (Kbps) 
MT 800 
AT 112 
*

500M 8.9 (9.5 dB) 

continuously backlogged users. Each simulation lasts 
10.000 time slots. Unless otherwise explicitly indicated, 
we model users’ path gains as: n

i i iG K d where di is the 
distance of user i from the base station, n is  the   distance 
loss exponent, and Ki is a log-normal distributed random 
variable with mean 0 and variance 2 = 8(dB), which 
represents the shadowing effect [8]. Henceforth, we 
consider the following values of system parameters, as 
shown in Table I. 

Two classes of users are considered, namely class 1 
and class 2. Class 1 represents data users and class 2 
multimedia users, who require video conference services. 
The two classes are differentiated in accordance to their 
services’ characteristics as they are reflected in the form 
of their corresponding actual throughput utility function 
and their parameters. In the following, multimedia users’ 
QoS prerequisites are expressed through a sigmoidal 
actual throughput utility function 
(i.e. *

,( )*( ) (1 ) T ii i MR A
i iT R e ) and data users’ through a 

strictly concave function (i.e. * *( ) log( 1)i i i iT R c R ). 
Moreover, one common modulation and coding scheme 
is considered for both classes of users, which is 
expressed through the sigmoidal efficiency 
function ( ) (1 )i M

i if e  1,...i N . The previous 
characteristics are summarized in Tables II, III. 
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Figure 2. Users’ transmission powers convergence at a given time slot 
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Figure 3. Users’ actual throughput at a given time slot 
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Figure 4. Users’ utilities at a given time slot 

A. Game’s Nash Equilibrium Properties   

In the following, we study MSUPC algorithm’s 
convergence at game’s Nash equilibrium for a specific 
time slot. Fixed channels conditions are assumed  during 
a time  slot  and  we set  1i iG d  for  each  user i, where 
di=di-1+100 (m) for i=2,..,10 and d1=300 (m). In this way 
we emulate a scenario where users’ channel conditions 
are worse as their ID value (i.e. i=1,…, 10) increases. For 
demonstration purpose only, users 1 to 7 are assumed to 
belong to class 1, while users 8 to 10 belong to class 2.  

Fig.2, Fig.3 and Fig.4 illustrate users’ transmission 
powers, actual uplink transmission rates and utility values 
respectively, as a function of the iterations required for 
users’ MSUPC algorithm to converge at game’s G
equilibrium point *P . The corresponding results reveal 
that for users in the same class their powers at 
equilibrium are inversely proportional to their 
instantaneous channel conditions (Fig.2). Moreover, only 
five iterations are required for reaching equilibrium, 
which is an important attribute of our approach due to 

slots’ small length (i.e. 1.67 msec approximately in HDR 
systems [5]) in channel aware wireless systems. 
Furthermore, even if users’ utilities converge at values 
proportional to their channels’ states (Fig.4), their actual 
achieved uplink throughput is such that their QoS 
expectations are met even for the most demanding users 
in terms of low instantaneous channel gains Gi and QoS
prerequisites (i.e. RT users i = 8, 9, 10 achieved  goodput  
is  128 Kbps). The latter observation reveals MSUPC 
algorithms’ flexibility in proficiently managing the 
drawbacks emerging from users’ “near – far” effect, even 
when various services are simultaneously supported.  

Moreover, the fact that for both classes of users their 
actual uplink data rates at equilibrium are in line with 
their services’ expectations, not only reveals the proper 
functionality of their actual throughput utilities (Ti) in 
introducing the services’ QoS demands in the MSUPC 
algorithm, but also demonstrates the utilities ability to 
distinguish services with diverse QoS prerequisites.

B. Users’ Power Consumption & Overall Utility-based / 
Actual Throughput Performance Trade-off   

We first study the trade-off among a user’s utility-
based performance, QoS requirements fulfillment and 
corresponding power consumption as a function of his 
average channel state and service type, as the system 
evolves under the MSUPC algorithm. Therefore 
assuming Rayleigh users’ time-varying channel 
conditions we let the system evolve for 10.000 timeslots.   

Fig.5 (Fig.8), Fig.6 (Fig.9) and Fig.7 (Fig.10) illustrate 
users’ average power consumption, actual throughput 
rate and utility based performance respectively as a 
function of users’ ID, when distributing them around the 
base station with step distance di=di-1+50 (di=di-1+100) 
(m) for i=2,..,10 and d1=300 (m). As in the previous 
scenario, users 1 to 7 are assumed to belong to class 1, 
while users 8 to 10 belong to class 2. In the case of class 
2 users, the results reveal that as their mean   channel   
conditions   become   worse   (i.e.   increasing number of 
RT-class 2 users’ ID)  and  in  order  to satisfy their QoS 
requirements (Fig.6) (i.e. actual achievable uplink 
transmission rate of 128 Kbps per time slot with 
corresponding margin factor 10 Kbps), their energy 
consumption increases (Fig.5) which eventually leads to 
their overall utility-based performance decrement (Fig.7). 
On the other hand, as non-real-time users’ mean channel 
conditions become worse (i.e. increasing number of 
NRT-class 1 users’ ID) both their overall utility and 
actual throughput performance decreases, while their 
power consumption increases.      

More specifically, the results show that for both NRT 
and RT users, their QoS expectations are fulfilled in 
terms of high throughput performance and fixed 
transmission rates, respectively.  This reveals the  proper  
functionality  of  their actual throughput utilities (Ti) in 
introducing the services’ QoS demands in the MSUPC 
mechanism, and thus demonstrates their utilities ability to 
distinguish and support various services’ QoS 
performance metrics. Specifically, regarding data users  
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Figure 5. Users’ average power consumption (step distance 50m) 
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Figure 6. Users’ average actual throughput rate (step distance 50m) 
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Figure 7. Users’ average utility based performance (step distance 50m) 

(i.e. i=1,…,7) their optimal service-performance – 
energy-consumption tradeoff (i.e. utility maximization) is 
achieved for high data rates even for the most distant 
from the base station users. Such a behavior is driven by 
their actual throughput utility types that led them to get 
high transmission   powers in system’s non-cooperative 
game, due to the corresponding high goodput 
performance gains they attain. On the other hand, data 
services utility maximization is steering them to lower 
energy consumption while fulfilling their fixed expected 
data rates, since an additional increment on their power 
and thus, their achieved goodput, would not correspond 
to an analogous increment of their actual throughput as 
well as overall utility, as explained before. Such a 
behavior eventually reduces overall uplink interference 
towards improving both types of users’ performance. 

Finally, a parallel and close examination of the two 
sets of figures, Fig.5-Fig.7 and Fig.8-Fig.10, allows us to  
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Figure 8. Users’ average power consumption (step distance 100m) 
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Figure 9. Users’ average actual throughput rate (step distance 100m) 

0

1

2

3

4

5

6

7

1 2 3 4 5 6 7 8 9 10

Users' ID

U
se

rs
' A

ve
ra

ge
 U

til
ity

 
B

as
ed

 P
er

fo
rm

an
ce

(x
10

-̂ 6

Figure 10. Users’ average utility based performance (step distance 
100m) 

better identify the correlations in the behavior and 
performance of real-time multimedia and non-real-time 
data users, when both types of services coexist under a 
system with time-varying available radio resources. We 
conclude that as channel’s conditions become worse 
(Fig.8-Fig.10),  the achieved  actual  transmission  rate  
of NRT users decreases (even for those close to the base 
station), while the corresponding rate of RT users 
remains greater than their minimum actual data rate, even 
if those users’ channel conditions are worse. Such a 
behavior is driven by users’ actual throughput utility 
types that favor RT users to achieve the targeted uplink 
actual transmission rate when the appropriate modulation 
and coding scheme is selected (as shown in proposition 
2, in [27]). Moreover, in such a case data users’ still 
maintain high achieved goodput, but at the cost of 
increased unfairness among them in terms of power 
consumption and achieved utility. 
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VIII. CONCLUDING REMARKS 

In this paper we studied the issue of efficient power 
control in the uplink of a CDMA wireless network, while 
satisfying multiple services’ QoS prerequisites. To 
proficiently reflect multiple services’ various and often 
diverse QoS prerequisites a generic utility-based 
framework was introduced and analyzed. 

The corresponding non-convex utility-based multi-
service optimization problem was formulated and solved 
through a game theoretic framework. Towards this 
direction, first the existence and uniqueness of a Nash 
equilibrium of the proposed game was studied, and then a 
decentralized low-complexity algorithm for reaching the 
unique Nash equilibrium point of the proposed game has 
been presented. Furthermore, the efficacy of the proposed 
framework in supporting both real-time multimedia 
services’ and non-real-time data services’ QoS demands, 
while achieving their utility-based performance 
maximization has been demonstrated and evaluated via 
analysis and simulation.      

The introduced utility-based framework and proposed 
approach provides us with an enhanced flexible 
framework which can be used to uniformly treat and 
theoretically analyze different access technologies (e.g. 
CDMA and WLAN) types of resources, as well as 
multiple user services’ diverse expectations. Therefore, 
the study and analysis of heterogeneous wireless 
networks’ joint resource allocation and QoS provisioning 
mechanisms under a common utility framework towards 
realizing their seamless integration becomes of high 
research and practical importance and is part of our 
current work. 

APPENDIX A - PROOF OF LEMMA 1

In accordance to the definition of a sigmoidal function 
the following properties hold: 
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Regarding the first derivative of Ti( i) we have: 
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according to (13) and (14). Considering the second 
derivative of Ti( i) we have:  
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Initially, considering the bounds in the definition domain 
of Ti( i), [0, )i  we can easily see that: 
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Furthermore, with respect to the corresponding 
relevance (position) of the inflection points of the initial 
utilities (i.e. ,

f
Infl i  and 1 * *

, ,i Infl i Max if R R ) on the axis of i

( 0i ), we must study the properties of the second 
derivative of Ti( i) as a function of i in two different 
cases.  

Case I.1.  When 1 * *
, , ,

f
i Infl i Max i Infl if R R .

We have the following sub-cases:  

I.1.A.  For 1 * *
, , ,0 f

i Infl i Max i Infl if R R  in accordance 

to (13), (14), (15), (16) it can be seen that 2 2( ) 0i i iT .

I.1.B.  For 1 * *
, , ,

f
i Infl i Max i Infl i if R R   in accordance to 

(13), (14), (15), (16) it can be seen that 2 2( ) 0i i iT .

I.1.C.  For 1 * *
, , ,

f
i Infl i Max i i Infl if R R  in accordance to 

previous sub-cases (I.1.A) and (I.1.B), we know that 
2 2( )i i iT  has at least one interruption point with the 

axis of zero, when 1 * *
, , ,[ , ]f

i i Infl i Max i Infl if R R . In order to 
show that ( )Ti i is a sigmoidal function, we need to prove 
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that there is only one interruption point with the zero axis, 
denoted as ,Infl i . Through the examination of (19), when 

1 * *
, , ,[ , ]f

Infl i Max i Infl if R Ri i , since
,

2 2 ( ) 0
f

i Infl i

fi i i ,

the second part of the sum in (19) is always positive. 
Therefore, only the sign of  2 * * 2( ) ( )i iT R Ri  determines, 
and hence can alter, the sign of 2 2( )i i iT . However, 
since 2 * * 2( ) ( )i iT R Ri  alters its sign once, we can 
conclude that 2 2( )i i iT  has a unique cutting point with 
the axis of zero, and therefore following the previous 
analysis we conclude that when 1 * *

, , ,
f

Infl i Max i Infl if R Ri ,
( )Ti i is a sigmoidal function of i, with a unique 

inflection point ,Infl i , and hence 
1 * *

, , , ,[ , ]f
Infl i i Infl i Max i Infl if R R .

Case I.2.  When 1 * *
, , ,

f
Infl i i Infl i Max if R R .

Following the same thread of analysis we can easily 
conclude that when 1 * *

, , ,
f

Infl i i Infl i Max if R R , ( )Ti i is a 
sigmoidal function of i, with a unique inflection 
point ,Infl i , and hence 1 * *

, , , ,[ , ]f
Infl i Infl i i Infl i Max if R R .

APPENDIX B - PROOF OF LEMMA 2

In the following a common proof is provided for both 
the cases where *( )i iT R  is a strictly concave or strictly 
convex function of *

iR . Whenever needed, we use 
parenthesis to provide the appropriate expressions for the 
case of strictly convex function, while the corresponding 
expressions for the case of strictly concave function 
appear without parenthesis. In accordance to the definition 
of a strictly concave (strictly convex) function the 
following properties hold: 

*

*

( ) 0         i i

i

T R
R

      (20) 

2 *

* 2

( )  0 
( )

i i

i

T R
R     

(
2 *

* 2

( ) 0
( )

i i

i

T R
R

)         (21) 

Moreover, for the sigmoidal efficiency function ( )fi i
properties (13), (14) and (18) still hold. Regarding the first 
derivative of Ti( i), as shown in lemma 1, we have: 

*
*

, *

( ) ( ) ( ) 0i i i i i i
Max i

i i i

T T R fR
R

according to (20) and (13). Considering the second 
derivative of Ti( i) and following lemma 1, we have:  

22 2 * 2 *
* *

, ,2 * 2 2 *

( ) ( ) ( ) ( ) ( )
( )

i i i i i i i i i i
Max i Max i

i i i i i

T T R f f T RR R
R R

  (22) 

At this point, we should study the properties of the 
second derivative of Ti( i) as a function of i, [0, )i .

Therefore, in the following due to the existence of ,
f

Infl i

we examine the values of the sign of the second 

derivative of Ti( i) and its corresponding properties at the 
limits of its definition set (i.e. lower (upper) bound of i)
in the following complementary subsets in the axis of i

i.e. ,[0, ]f
Infl i  and ,[ , )f

Infl i .

Case II.1. When ,
f

i Infl i  ( ,
f

i Infl i ).

 We can easily see that 
2

2

( ) 0i i

i

T 2

2

( ) 0i i

i

T

according to (15), (20), (21). 

Case II.2. When ,
f

i Infl i ,
f

i Infl i .

We consider two sub-cases (II.2.A and II.2.B) with 
respect to values of Ti( i) where [0, )i in the lower 
(upper) bound of its definition domain:  

     II.2.A: When
2

20

( )lim 0
i

i i

i

T 2

2

( )lim 0
i

i i

i

T .

In such case, there always exists an interval within 

,[0, ]f
Infl i ( ,[ , )f

Infl i ), where
2

2

( ) 0i i

i

T 2

2

( ) 0i i

i

T .

Consequently, we can argue, with respect to the outcome 
of case II.1, that 2 2( )i i iT  has at least one interruption 

point with the axis of zero in the interval ,[0, ]f
Infl i

( ,[ , )f
Infl i ). Moreover, the uniqueness of such a point 

can be proven as follows.  
Studying (22), when ,0 f

i Infl i ,
f

i Infl i , the 

second part of the sum in (22) is always positive 
(negative), following (15). Therefore, only the sign of  

2 * * 2( ) ( )i iT R Ri  contributes to the change of the sign of 
2 2( )i i iT . However, since 2 * * 2( ) ( )i iT R Ri  alters its 

sign only once, we conclude that 2 2( )i i iT  has a 
unique intersection point with the axis of i.
Therefore with respect to Case II.1 and subcase II.2.A we 
can conclude the following:  

Conclusion 1: When 
2

20

( )lim 0
i

i i

i

T 2

2

( )lim 0
i

i i

i

T ,

Ti( i) is a sigmoidal function of [0, )i , with a unique 
inflection point ,Infl i , and hence 

, ,[0, ]f
Infl i Infl i , ,[ , )f

Infl i Infl i .

     II.2.B: When
2

20

( )lim 0
i

i i

i

T 2

2

( )lim 0
i

i i

i

T .

In such case, 2 2( )i i iT  has no interruption point with 

the the axis of i in the interval ,[0, ]f
Infl i ( ,[ , )f

Infl i ). To 

prove the above argument we must observe that from 
Case II.1 and the fact that 

2

20

( )lim 0
i

i i

i

T 2

2

( )lim 0
i

i i

i

T  , 2 2( )i i iT  either 
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never equals to zero in the interval ,[0, ]f
Infl i ( ,[ , )f

Infl i )

or equals to zero (i.e. interrupts with the axis of i) more 
than one times. The latter is not valid due to the fact that 

2 2( )i i iT can alter its sign only once when [0, )i

because its sign is determined by 2 * * 2( ) ( )i iT R Ri  which 

alters it sign only once.  
Therefore with respect to Case II.1 and subcase II.2.B we 
can conclude the following:  

Conclusion 2: When
2

20

( )lim 0
i

i i

i

T 2

2

( )lim 0
i

i i

i

T ,

Ti( i) is a strictly concave (strictly convex) function of i,
[0, )i . Conclusions 1 and 2 complete the proof.     

APPENDIX C - PROOF OF LEMMA 3

In this proof, for simplicity in the presentation let us 
denote the overall utility function of NRT users as: 

( )( ) ,  s.t. 0 Maxi i
i i i i

i

T PU P P P
P

Moreover, let us underline that due to the one to one 
relationship between i and Pi, the properties of Ti( i) as a 
function of i revealed in lemmas 1 and 2 also hold for 
Ti(Pi) as a function of Pi.
The first derivative of ( )

i i
U P can be expressed as:  

2 2

( ) ( ) ( )
( ) ( )

i i i i
i i i

ii i i i i

i i i i

T P T P P T P
PU P P b P

P P P P

where ( )( ) ( ) i i
i i i i i

i

T Pb P T P P
P

. Functions Ti(Pi) and 

( )i i

i

T P
P

 have been assumed as continuous functions of 

i
P , therefore ( )i ib P is also a continuous function of 

i
P .

For any two values {1,2}v of user’s i power Pi, denoted 
as , [0, )v iP , the following properties hold for a strictly 
concave (strictly convex) Ti(Pi ) function:  

1,

2, 1, 2, 1, 1, 2,
( )( ) ( ) ( ),  , [0, )

i i

i i
i i i i i i i i

i P P

T PT P T P P P P P
P

,

1,

2, 1, 2, 1, 1, 2,
( )( ) ( ) ( ),  , [0, )

i i

i i
i i i i i i i i

i P P

T PT P T P P P P P
P

due to the strict concavity (strict convexity) of ( )i iT P .
Letting 2, 0iP  and 1, ,i v iP P  for 0iP we conclude that:  

,

, ,
( )(0) ( ) (0 )

i v i

i i
i i v i v i

i P P

T PT T P P
P

,

, ,
( )(0) ( ) (0 )

i v i

i i
i i v i v i

i P P

T PT T P P
P

and thus,  

,

, ,
( )0 ( )

i v i

i i
i v i v i

i P P

T PT P P
P

,

, ,
( )0 ( )

i v i

i i
i v i v i

i P P

T PT P P
P

    ,( ) 0i v ib P                      ,( ) 0i v ib P
                        

therefore,

2

( ) ( ) 0i i i i

i i

U P b P
P P    

2

( ) ( ) 0i i i i

i i

U P b P
P P

    (23) 

Following the previous analysis,  

 a) when ( )i iT P  is a strictly concave function of Pi, we 
can observe that ( )i iU P is a decreasing function of 
Pi, [0, )Max

i iP P in accordance to (23). In such case if 

0lim ( ) 0
i

i iP U P , that would imply that i) ( ) 0i iU P

when [0, )Max
i iP P  or ii) 0lim ( ) 0

i
i iP U P  in order 

( ) 0i iU P when [0, )Max
i iP P , which contradicts with the 

basic assumptions in the definition of Ui (section III). 

b) when ( )i iT P  is a strictly convex function of Pi, we 
can observe that ( )i iU P is an increasing function of 

0iP ,in accordance to (23). Therefore, not bounded 
above for 0iP , which also contradicts with the basic 
assumptions in the definition of Ui (section III).  

APPENDIX D - PROOF OF LEMMA 4

Via lemmas 1, 2 and following lemma 3, it is easily 
shown that ( ),  i iT i S  is a sigmoidal function 
of ( 0)i i , regarding both RT multimedia and NRT data 
users. Moreover, due to the strict linear relationship 
between i and Pi in accordance to (1), it follows 
immediately that a user’s actual throughput utility is also a 
sigmoidal function of its own power. Therefore, the 
following properties of ( ) ( , )i i i i iT T P P  as a function of
Pi, when 0iP  hold: 

1. Its domain is the non-negative part of the real-line, that 
is, the interval [0, ) .

2. Its range is the interval [0,1) , according to the 
properties of ( ),  ii iT S (assumptions c and d in section 
III). 

3. It is an increasing function of ,  iiP S , following 
lemmas 1, 2 and respecting lemma 3. 

4. It is strictly convex over the interval ,[0, )Infl iP , and 
strictly concave over the interval ,[ , ]i

Infl i MaxP P , where from 
(1) as well as lemmas 1 and 2 it is straightforward that 

*
, ,

,

( ) ( )Infl i T i i i i
Infl i

i

R MF I P
P

GW RTi S  and 

,
,

( )Max
Infl i i i i

Infl i
i

R I P
P

GW NRTi S . In this paper, it is 

assumed that ,
Max

i Infl iP P i S . The validity of the 
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previous property follows directly by taking into account 
the outcome of lemma 1 and 2, while respecting lemma 3. 

5. It has a continuous derivative, since functions *( )i iT R
and ( )fi i  are assumed to have continuous derivatives 
too.  

Since the previous properties hold for ( , )  i i iT P P i S , the 
ratio ( , ) ,  i i i iT P P P i S  is a quasi-concave function 
of [0, ]

i

Max
iP P  [29]. Therefore, a user’s actual throughput 

utility ( , ) i i iU P P i S  is a quasi-concave function of its 
own power. 

Moreover, the first order optimization condition of 
( , )i i iU P P  can be expressed as follows: 

2

( ) ( ) ( )
( , ) 0

( )

i i i i
i i i

ii i i i

i i i

T T P T
PU P P P

P P P

Therefore, ( , )   i i iU P P i S  is maximized when: 

( ) ( ) 0i i
i i i

i

T T          (24) 

due to the fact that i i

i iP P
 according to (1) and the strict 

linear relationship between i and Pi. Moreover, due to 
the sigmoidal type of function ( ),  i iT i S , (24) has a 

unique solution *
i
, as proven in [29]. Therefore, the 

unique value îP  that maximizes ( , ) i i iU P P  when 0iP ,
can be represented, according to (1), as follows: 

* *
,

*

( ) ( )

ˆ
( )

             

i

i

T i i i i
RT

i
i Max

i i i
NRT

i

R MF I P
i S

GW
P

R I P
i S

GW
Finally, if the maximum allowable value of iP  is less 

than îP , ( , ) ( , )    Max Max Max
i i i i i i iU P P T P P P i S  is the 

highest value of ( , ) i i iU P P , since the utility function Ui is 

increasing over the interval ˆ[0, ]iP . Therefore, the smallest 

of the values of îP , Max
iP  is the global maximizer of 

( , )   i i iU P P i S  when [0, ]
i

Max
iP P  i.e. 

* *
,

*

*

( ) ( )
min , ,  

( )
min , ,  

i

i

T i i i i Max
i RT

i

i Max
i i i Max

i NRT
i

R MF I P
P i S

GW
P

R I P
P i S

GW

         

which concludes the proof.                
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