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Abstract—This paper presents a new family of block
codes referred to as Trellis Coded Block (TCB) codes,
which are built using a trellis code and a linear block
code (LBC). The TCB code (TCBC) construction is based
on an algebraic structure inherent to many LBCs, which
allows one to partition an LBC into sub-sets with a constant
distance between every pair of code words in the sub-
set. The proposed uniform sub-set partitioning is used to
increase the minimum distance of the code, as in trellis
coded modulation (TCM). However, unlike conventional
TCM, the coding and modulation steps are separated in
TCBC. An advantage of this construction is that it can
be applied to both discrete as well as continuous channels,
while conventional TCM is typically designed for continuous
channels. The proposed TCBC is shown to be useful in a
variety of applications including forward error correctio n,
low rate quasi-orthogonal sequence generation, lattice code
construction, etc. Moreover, the encoder and decoder for
TCBC are realized using off-the-shelf trellis and block en-
coders and trellis decoders. Simulation results demonstrate
the performance benefits offered by the TCBC in a variety
of applications, and compares them to other existing state-
of-the-art codes.

I. I NTRODUCTION

Error correcting codes are used in communication
systems to provide coding gain, which in turn reduces
the energy per bit required for reliable communication.
Besides providing a large coding gain, the key features
of a good error correcting code include low encoding
and decoding complexity, low latency (delay), etc. Some
excellent surveys on the state-of-the-art in classical coding
theory include [1]–[3] and [4]. Although modern codes
such as low density parity check (LDPC) codes [5] and
turbo codes [6] come within a few tenths of adB from
the Shannon’s limit, these codes use very long code
lengths. Hence, the complexity and latency of the decoder
is large, which limits their usage in latency-constrained
systems. For example, the LDPC decoder in the IEEE
802.11n receivers cannot use a large number of iterations
since the receiver (Rx) must send an acknowledgement to
the transmitter (Tx) within the short inter-frame spacing
(SIFS) time interval. Thus, it is a challenge to design
codes with a desired coding gain and at the same time
meet the latency and decoding complexity constraints.

In this paper, we propose a new class of low latency
codes that also allow low complexity decoding and can
be built using existing linear block and trellis codes.
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We also propose a non-iterative trellis decoder which is
amenable to parallel implementation, and hence, the trellis
decoder can result in a decoding delay that is significantly
smaller than the code length. We demonstrate several
interesting features of these codes, namely, that they are
applicable to discrete (e.g., binary symmetric channel) as
well as continuous (e.g. additive white Gaussian noise
(AWGN), Rayleigh fading, etc.) channels. The proposed
codes illuminate and exploit an algebraic structure that
is inherent in many existing linear block codes. We start
with a brief review of of known algebraic structures in
linear block codes.

The fundamental structure of a linear block code (LBC)
is that it is a group [7], closed under addition and that all
possiblen length code-words (n-tuple) can be divided
into cosets. There are four known ways of partitioning
LBCs:

(i) the sub-codes obtained by a coset decomposition [8],
[9],

(ii) sub-codes of smaller length which constitute the
parent code by concatenation [10],

(iii) an association scheme to group code-pairs with a
given Hamming distance between them [11], and

(iv) decomposingn-tuple codes into cosets using finite
groups that exploit the algebraic structure available
in a Cartesian product space [12].

In this paper, we describe another algebraic structure
which allows one to partition the code into disjoint
uniform sub-sets (uniform codes are defined in Sec. II)1.

It was shown in [8], [9] that one can obtain a coding
gain from coset codes, by using the coset (sub-code)
partition structure and selecting the cosets using the
output of a trellis code. In [14], the minimum distance of
a composite code was improved upon by assigning a code
(or a coset) to the transition of fully connected finite state
machines. We use an analogous distance improvement
technique, but in the Hamming (metric) space. Moreover,
the code-partitioning is done within the given code, rather
than code-partitioning on the lattice (expanded constel-
lation) or expanded code [15]. Recently, the equitable
partitioning of the binaryn-tuple vector space, denoted
F
n
2 , was generalized in [16]. The partitioning considered

in this paper is different from this work in that we partition
code-words within a given LBC, rather than use the LBC
to partitionFn

2 .

1Preliminary work in this direction was done in [13]
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However, the design of low latency codes that are based
on existing trellis and block codes and yet can attain a
given target coding gain is relatively unexplored in the
literature, and is the main focus of this work. Our main
contributions are as follows:

• A new algebraic result describing partitioning of
linear block codes into uniform sub-sets is presented.

• An encoder/decoder structure which utilizes the uni-
form sub-set partitioning in the Hamming space
(and hence is usable in both discrete and continuous
channels) is proposed. The codes so constructed are
referred to as trellis coded block codes (TCBC).
The proposed decoder is shown to be a maximum
likelihood sequence detection (MLSD) decoder.

• Analytical expressions for an upper bound on the
bit-error-rate (BER) performance of the TCBC are
provided.

• The theory of TCB codes is extended to con-
struct codes for the Multiple-Input Multiple-Output
(MIMO) channel using the Frobenius norm as the
distance metric.

• The proposed TCBC are applied in different scenar-
ios to illustrate the performance benefits that can be
obtained.

Perhaps the most practically useful implication of this
work is that it provides a systematic method of con-
structing fixed length codes with a desired minimum dis-
tance property, using off-the-shelf block and convolutional
codes as building blocks. These provide a system designer
a convenient way to custom design codes with desired
distance properties while also meeting a given decoding
latency requirement.

The rest of this paper is organized as follows. Section II
describes the new algebraic structure of LBCs. Section III
presents the TCB code construction based on the alge-
braic structure of LBCs. This section also describes the
encoding and decoding architectures for the TCBC and
discusses the rate, complexity and decoding latency of
the constructed codes. Section IV describes several novel
applications for the proposed codes. Section V provides
simulation results to illustrate the performance of TCBCs,
and Section VI concludes the paper.

We use the following notation. We use|X | to denote
the cardinality of the setX . A block codeC with elements
of length n and |C| = qk code-words is denoted as
a (n, k)q code whereq is the cardinality of the finite
field used to constructC. The minimum distance of
C is denoted asdmin(C), and the (n, k)q code with
dmin = d is represented as the(n, k, d)q code. The
element-by-element multiplication of two code-wordsx
andy is represented asx ∗ y. The Hamming weight of
a code wordc1 is denoted asWH(c1). The Hamming
distance between two code-wordsc1 and c2 is denoted
as DH(c1, c2). {φ} denotes the null set and0 denotes
the all zero vector.⌊x⌋ denotes the largest integer smaller
thanx and⌈x⌉ denotes the smallest integer larger thanx.

II. U NIFORM SUB-SET PARTITIONING

The following definitions are used in the description of
the new algebraic structure of LBC in the binary fieldFn

2 .
Definition 1: Uniform set: A set in F

n
2 is said to be

uniform if the distancedu between any pair of elements
is a constant.

Note that the above definition differs from that of the
equi-distant codes used in the coding theory literature [17]
in that a uniform set need not be closed under addition.

Definition 2: Maximal uniform set: A uniform setU
is said to bemaximal if it is the largest possible set
in terms of cardinality, for the given lengthn and the
uniform distancedu.

Definition 3: Non-trivial set: A set U is said to be
non-trivial if it contains atleast3 non-zero elements.

If the uniform code is linear, it is a constant weight
code, except for the all zero code-word. Hadamard codes
[17] are an example of such a uniform code. One straight-
forward method of partitioning a given code into uniform
sub-sets is pair-wise partitioning2, where elements are
grouped into pairs, such that the distance between the
pairs is constant, as explained in the Lemma below.

Lemma 1:For any LBC, there exists a disjoint code-
word pair set (partitioning) such that distance between the
code-word pairs is constant. In fact, there exists at least
one code-word pair partition for every Hamming weight
in the code’s distance spectrum.

Proof: Let d be a distance in the distance spectrum
of C. Then, there exists atleast one code-wordc1 such
that DH(c1,0) = d. Now, add any other code-wordc2
to both0 andc1 to get the codeword pair(c2, c1 + c2)
satisfyingDH(c2, c1 + c2) = d. Proceeding this way, we
can create disjoint code pairs with distanced for every
Hamming weight in the distance spectrum ofC.

While the above Lemma is useful, it is desirable to
have partitions that have more than two code-words in
each subset. This is because having fewer subsets helps
reduce the complexity of the outer trellis code that will
be introduced later. That is, we seek to find a partition

C =

L
⋃

i=1

Ci, (1)

such thatCi ∩ Cj = {φ} , 1 ≤ i, j ≤ L , i 6= j,
whereL is the number of constituent uniform sub-sets and
Ci, i = 1, 2, . . . , L arenon-trivial uniform sub-codes.

In the sequel, Theorem 1 asserts that such partitioning
exists for many binary LBCs. Now, we state and prove
some useful properties of uniform linear sub-codes, which
will set the stage for stating Theorem 1.

Lemma 2:The distancedu for any non-trivial uniform
linear codeC0 is even. Moreover, the uniform code is
linear if and only if du = 2WH(c0 ∗ c1) for any two
non-zeroc0, c1 ∈ C0.
Proof: See Appendix A.

2This pair-wise partitioning is unrelated to the association scheme
[11]. Association schemes find all pairs of code-words that are at various
Hamming distances whereas pairwise partitioning finds disjoint pairwise
subsets of the parent code.
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Remark: An immediate consequence of the above
Lemma is that the uniform distance of a non-trivial linear
uniform code and its even parity extension code are the
same. This property will be used in the derivations to
follow.

Lemma 3:Let c0, c1, c2 belong to a uniform linear
code with distancedu andci 6= 0, for i = 0, 1, 2. Then,
c0 = c1 + c2 if and only if WH(c0 ∗ c1 ∗ c2) = 0.
Proof: See Appendix B.

Remark:Combining Lemmas 2 and 3, it is immediate
to see that ifWH(c0 ∗ c1 ∗ c2) = du/4, thenWH(c0 +
c1 + c2) = du, wherec0, c1 andc2 belong to a uniform
linear codeC0 with atleast8 code-words.

Lemma 4:There exists a non-trivial uniform sub-code
Cu of the rate-1 codeFn

2 with

du =















n
2 if n = 4k
n−1
2 if n = 4k + 1

n+2
2 if n = 4k + 2

n+1
2 if n = 4k + 3,

(2)

wherek is an integer≥ 1. Moreover, a uniformlinear
subsetCF

0 which spans a vector space with dimension at
least2 can be constructed fromCu.
Proof: See Appendix C.

We can now state the main theorem of this section.
Theorem 1:For a binary LBCC, if C0 , CF

0 ∩ C
is a non-trivial uniform set for someCF

0 satisfying the
properties in Lemma 4, the following hold:

(i) Tiling property:C0 and its cosets tileC and one can
build Cmax

0 , a linear maximal uniform sub-code of
C, from the cosets ofC0,

(ii) Cardinality bounds: The cardinality of C0 is
bounded as22 ≤ |C0| ≤ 2⌊log2 n+1⌋, and

(iii) Cardinality of the maximal linear uniform set:
|C0| = 2j

∗+1 where j∗ ≥ 1 is the largest integer
such that(a) C0 has a subsetCj∗ with cardinality
j∗ + 1 and non-zero entries such that

WH(c0 ∗ c1 ∗ . . . ∗ cj∗) =
du
2j∗

, (3)

where c0, c1, . . . , cj∗ ∈ Cj∗ , and (b) For l =
1, 2, . . . , j∗ − 1, for all subsetsCl of Cj∗ with
cardinality l + 1,

WH(c0 ∗ c1 ∗ . . . ∗ cl) =
du
2l

, (4)

where, with a slight abuse of notation,
c0, c1, . . . , cl ∈ Cl.

Proof: See Appendix D.
Discussion:The above theorem leads to the following

procedure for obtaining uniform sub-codes for a given
codeC:

(i) Find code-words inC with Hamming weightdu
given by (2). Denote this sub-set asCu.

(ii) Find a sub-set ofCu that is closed by using the
linearity conditions (3) and (4) in case (iii) of
Theorem 1. Denote this sub-set asC0.

(iii) Now, C0 and its cosets form a uniform partitioning
of C.

If no non-trivialC0 can be found in step (ii), then a non-
trivial uniform sub-code partitioning does not exist for the
codeC. In this case, we partition the code into subsets
with pairs of elements. The sub-sets are constructed from
the pair of code-words formed by the all-zero code-word
and one of the code-words inCu, and its cosets.

Note that the partitioning ofC into its maximal uniform
linear sub-codes is not unique. However, the number of
partitionsL is unique due to the linearity of the sub-codes.
Moreover, for a given number of subsets, the uniform
subset partitioning results in the maximum possibledmin

among all possible partitions into non-trivial subsets. The
utility of finding uniform distance sub-codes with large
cardinality, as given by Theorem 1, will be seen in
the TCBC construction, presented in the next section.
Specifically, the larger the cardinality of the uniform
subsets, the lesser the complexity of the CC associated
with constructing the TCB code.

Examples: The following examples illustrate the uni-
form partitioning given in Theorem 1. The Hamming
(7, 4, 3)2 code can be partitioned into twomaximal uni-
form sub-sets3 as follows:C0 = {0, 1, 6, 7, 10, 11, 12, 13}
and C1 = {2, 3, 4, 5, 8, 9, 14, 15}. All the code words
in each sub-set are at an equal Hamming distance
(du = n+1

2 = 4) from each other. Another example
is the maximum length shift register (MLSR)(6, 3, 3)2
code4, which can be partitioned intoC0 = {1, 2, 5, 6}
and C1 = {0, 3, 4, 7}. The Hamming distance between
any pair of elements in both sub-setsC0 and C1 is
du = n+2

2 = 4. Hadamard codes are themselves max-
imal uniform codes. Hence, any partition would give a
non-maximal, but uniform sub-sets withdu = n

2 . The
MLSR (9, 4, 3)2 code5 can be partitioned into uniform
cosets withC0 = {0, 2, 9, 11} and uniform distance
du = n−1

2 = 4. The binary Golay(23, 12, 7)2 code
can be partitioned into 512 cosets of 8 elements each.
Elements in the uniform linear coset is listed here as an
illustration: C0 = {0, 120, 79, 929, 1434, 1764, 1739,
2508}. The uniform distance of this sub-setC1 is 12. It
can be noticed that for these binary LBCs, the uniform
distance of the sub-sets isn2 , n−1

2 , n+2
2 or n+1

2 , as given
in (2). Finally, an example of a code without a non-trivial
uniform sub-code partitioning is the MLSR(9, 3, 4) code6

with C0 = {0, 1} anddu = n−1
2 = 4.

III. T RELLIS CODED BLOCK CODES

We now introduce TCBC, a new family of codes based
on the aforementioned uniform subset partitioning. We
construct the(n, k) TCB code withk input bits andn-
output bits as follows. Letl of the k bits be input into
a rate l

m
trellis code, whose output selects one of2m

3The code-words in the sub-set are denoted by indices which are
the decimal equivalent of the binary data vectors in the codeC. The
binary data vectors are the binaryk-tuples which get multiplied by the
generator matrixG to generate the code-words inC.

4C = {00,16,23,35,47,51,64,72} in octal notation.
5C = {000, 075, 107, 172, 217, 262, 310, 365, 436, 443, 531, 544,

621, 654, 726, 753} in octal notation.
6C = {000, 164, 235, 351, 472, 516, 647, 723} in octal notation.
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sub-sets (partitions) of an(n, k − l + m) LBC, and the
k − l additional input bits select one of the code-words
in the selected sub-set, resulting in an(n, k) TCB code.
Note that,n is the length of the LBCC with 2k−l+m code-
words, which is partitioned into2m uniform sub-sets with
2k−l code-words in each sub-set.

The minimum distance of this hybrid code is deter-
mined by the smaller of the (constant) minimum distance
between code-words in each sub-set andK−1

l
dmin, where

K is the constraint length of the CC anddmin is the
minimum distance of the parent LBC. We chooseK
such thatK−1

l
dmin > min1≤i≤2m dmin(Ci), and hence

the minimum distance of the TCB code is determined
by the uniform distance in any sub-set (assigned to
parallel transitions of the trellis of the CC). Thus, by
choosing the sub-set partitioning appropriately, one can
obtain a coding gain in a conceptually similar manner to
TCM/coset codes. Hence, the TCBC can be viewed as
a generalization of TCM, where the modulation is not
integrated with the codeword construction. This enables
the use of TCBC for both continuous (e.g., the AWGN)
as well discrete (e.g., the binary symmetric) channels.
Also, as the modulation scheme is not coupled with the
code design, the signal constellation choice, shaping, etc
become flexible.

A. Encoder and Decoder Structure

We now describe the encoding and decoding operations
in the proposed TCBC. For simplicity of exposition,
we first illustrate the central idea through an example
construction, and then present a general procedure for
code construction. Figure 1 shows an example of a
TCB encoder that uses the Hamming(7, 4) code as the
parent LBC. The encoder comprises a trellis code, which
selects the sub-set indices (v0,v1), a look-up-table (LUT)
which selects the data word based on sub-set indices
and the remaining input data bits (v2,v3), followed by
the LBC encoder. The entries of the LUT enforce the
sub-set partition structure. For example, for a4 sub-
set partitioning of the Hamming(7, 4) code asC0 =
{0, 1, 6, 7}, C1 = {10, 11, 12, 13}, C2 = {2, 3, 4, 5} and
C3 = {8, 9, 14, 15}, if (v0 v1 v2 v3) = (0000), the LUT
will select the first code-word inC0, if (v0 v1 v2 v3)
= (1111), the LUT will select the fourth code-word in
C3, and so on. The complete LUT for the TCBC(7, 3)
using the Hamming(7, 4) code is given in Table I as an
illustration. Once the data-words to be encoded are deter-
mined, the output of the LUT denoted as (u0,u1,u2,u3)
is sent to a conventional Hamming(7, 4) block encoder
which generates the7-bit code-word. These coded bits
can be transmitted on a binary symmetric channel (BSC)
as is, or can be mapped into the constellation symbols
of any digital modulation scheme such as binary phase
shift keying (BPSK) and transmitted on an additive white
Gaussian noise (AWGN) channel.

The decoder structure is shown in Figure 2. A trellis
decoder (e.g., Viterbi decoder, Fano decoder, etc.) is
used for detecting the sub-set index. The branch metric

TABLE I
LUT MAPPING FORTCB (7,3)CODE.

v0v1v2v3 u0u1u2u3 v0v1v2v3 u0u1u2u3

0000 0000 1000 1100
0001 0001 1001 1101
0010 0110 1010 1010
0011 0111 1011 1011
0100 0100 1100 1000
0101 0101 1101 1001
0110 0010 1110 1110
0111 0011 1111 1111

Fig. 1. An example of a TCBC encoder.

for each transition in the trellis is chosen to be the
smallest distance between the received word and the code-
words in the sub-code selected by the output of the
trellis assigned to that transition. Once sub-set indices
are estimated (after tracing the data bits back as in the
Viterbi decoder), this information is used to compute the
distance (Hamming/Euclidean) between the transmitted
(block) code word and the code-words in the selected sub-
set/coset. The code-word with the least distance is used
to estimate the remaining data bits. Thus, the decoder
can be constructed using off-the-shelf Viterbi and (block)
sub-set minimum distance decoders as its components.
This enables an efficient hardware implementation of the
decoder compared to a brute force minimum distance
decoder.

Now, we describe a design procedure for constructing
a TCBC with a desireddTCBC

min and ratek
n

.
Design Procedure:
(i) For the givendTCBC

min , compute the code lengthn
such thatdu = dTCBC

min , wheredu is given by (2).
(ii) Choose any LBC of lengthn and raterL > k

n
.

Denote the minimum distance of the LBC bydLBC
min .

(iii) Find a maximal linear uniform partitioning of the
chosen LBC. In case non-trivial partitioning is not
possible, choose a different LBC. Let the number of
sub-codes beL = 2m. Note thatL is a power of2

Fig. 2. An example of a TCBC decoder.

76 JOURNAL OF COMMUNICATIONS, VOL. 7, NO. 1, JANUARY 2012

© 2012 ACADEMY PUBLISHER



since the sub-codes are cosets of a linear sub-code.
(iv) Computel = m+k−n rL. Choose a ratel

m
CC with

constraint lengthK satisfying K−1
l

dLBC
min > du.

(v) Sendl out of thek input bits into the l
m

rate CC.
Select one of the2m sub-codes of the LBC based
on them output bits of the CC. Use the remaining
k − l bits to choose one of the codewords from the
selected sub-code. Thatk− l > 0 can be seen from
the following argument. Sincel = m+k−nrL, we
haven rL−m = k−l. The fact thatrL > m

n
implies

that k − l > 0. Thus, then-bit TCBC codeword is
completely determined for everyk input bits.

The n bit codeword sequence is now transmitted over
the channel after suitable constellation mapping and mod-
ulation. At the receiver, the process is reversed: the output
of the channel is used to compute the metrics of a
Viterbi decoder, which detects thel input bits of the CC.
The remainingk − l bits are detected using a minimum
distance decoder for the coset chosen by the output of the
Viterbi decoder. The minimum distance decoder does not
impose a significant computational burden on the receiver
since it computes distances only to codewords within the
sub-code. Moreover, the following Lemma asserts that
the proposed decoder is a maximum likelihood sequence
detector (MLSD).

Lemma 5:The proposed TCB decoder is an MLSD
decoder for both binary symmetric and AWGN channels.
Proof: See Appendix E.

B. Rate and Coding Gain

Recall that the parent LBC used to generate the TCB
code has a raterL = k−l+m

n
. The TCBC itself has a

raterT = k
n

. Hence, the rate loss associated with TCBC
is m−l

n
. By choosingm = l + 1, one can restrict the

loss in TCB encoder to be1
n

. In many practical codes,
the improvement due to increased minimum distance
compensates for this small loss (1

n
) in the coding rate,

and hence the proposed TCBC offers an overall coding
gain improvement compared to the parent LBC. Here,
the coding gain of a code is defined as the product of
its minimum distance and rate. The goal of the TCBC
construction prescribed above is to ensure that the gain
in the minimum distance due to the uniform distance
partitioning offsets the small rate loss incurred in the
encoding process. This is analogous to the gain obtained
in conventional TCM via first doubling the constellation
size followed by set partitioning to increase the minimum
distance.

Discussion:Suppose the LBCC with minimum dis-
tancedmin can be partitioned into the union of uniform
cosets withdu given by (2). Then, for the ratek

n
TCBC

designed using the procedure mentioned above withC
as the parent LBC, ifdmin < du ≤ K−1

l
dmin, we

haveGT > GL, i.e., the coding gain of TCBC, denoted
GT , is higher than thatC, denotedGL. To illustrate this,
consider a modified notation where we use(n, k, d) LBC
to design(n, k − (m − l)) TCB code. Table II shows
bounds on the ratio of coding gainsGT /GL for three

TABLE II
RATIO OF CODING GAINS

(n, k, dmin) du
du

dmin
GT /GL for (m − l)=
⌊(k − 1)/2⌋ 1

(7, 4, 3) 4 4/3 12/12 1
(15, 11, 3) 8 8/3 48/33 80/33
(23, 12, 7) 12 12/7 84/84 132/84

choices of the parent(n, k, dmin) code. It can be seen
that for (m− l) ≤ ⌊k−1

2 ⌋, theGT /GL is greater than or
equal to 1, i.e., there is a coding gain improvement for
the TCBC especially whendu/dmin is close to2. Here,
we have used the fact that in the designed(n, k−(m− l))
TCB code, the number of bits(m− l) is at most(k− 2).
It also can be noticed thatdu/dmin is closer to2 which
compensates for small rate associated with various values
of (m− l) ≥ 1.

C. Latency and Complexity

The TCBC encoder builds its codewords by concate-
nating short length codewords. Moreover, the short length
codes are connected via a trellis to enable MLSD at
the receiver. Thus, the length of a TCB code-word is
an integer multiple of the length of the parent code
used in the encoder, and can be chosen by the system
designer depending on the latency constraints. Also, from
the TCBC decoder structure, it can be observed that one
need not wait till the entire TCB code-word is received,
in order to decode the message bits. In fact, the maximum
delay incurred in the receiver is thetrace-back lengthused
by the Viterbi decoder, which is typically set at about 10
times the constraint length of the CC. Thus, independent
of the length of the TCBC, the decoder can start decoding
the message bits after receiving a few parent code-words,
which will be much smaller than the actual length of the
code.

From the proposed encoder and decoder structures for
TCBC, it can be seen that the complexity of encoding
and decoding is significantly smaller than traditional LBC
encoders and decoders with the same rate and overall
length. If one has to encode and decode large length
block codes without any hierarchical structure, it would
involve large generator matrices and look-up tables. The
optimal ML decoder for such a code would clearly have
formidable computational requirements. Even for codes
with structure, the complexity of encoding and decoding
in extended Galois-field arithmetic and root-finding al-
gorithms is non-trivial. Hence, constructing large length
block codes with structure and good distance property
is not an easy task. In this context, TCBCs offer the
advantage that they can be used to systematically build
good, large length block codes using existing LBCs, and
their minimum distance can be easily characterized.

The TCBC encoder has an additional CC code (com-
pared to an LBC) whose complexity is negligible when
compared to the complexity of an LBC encoder of the
same overall length. Moreover, the LBC encoder needs to
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TABLE III
COMPARISON OFTCB AND TCM CODES

Property TCM Code TCB Code
Coding and
Modulation Combined Separate
Rate l

m
& constellation l

m
& partitioning

dmin f(dCC
free

, dCONST
min ) f(dCC

free
,K, du, l)

Parallel
transition bits uncoded coded
Channel supported Continuous Continuous or

discrete
Decoding MLSD MLSD and min.

distance decoder

work only at the sub-set level, which is a significant com-
putational advantage. The TCBC decoder also implements
a Viterbi decoder whose trellis complexity is2K+l, where
K is the constraint length of the CC andl is the number
of input bits given to the ratel

m
CC encoder. Although

the bit metric computation for each of the transitions in
the trellis of the CC requires2k−l distance computations,
total distance computation is only2k per trellis stage.
After the Viterbi decoding, a minimum distance decoder
is used for decoding the remainingk − l bits at the sub-
set level, which requires only2k−l distance computations.
Note that the minimum distance decoder can reuse the
information available in the branch metrics assigned to
the trellis, thus further saving on the computational cost.
Thus, the TCBC decoder performs MLSD decoding of
large length block codes at very low complexity, without
constructing the trellis structure of the concatenated parent
LBC.

D. Further Properties and Performance Bounds

We now make the following observations regarding the
proposed TCB code.

(i) TCBC as a generalized TCM code:The TCBC
can be considered as a generalized version of the
classical TCM code, since it can separate the coding
and modulation, as opposed to TCM. Some key
similarities and differences between the TCB and
TCM codes are listed in Table III. In Table III,
dCONST
min represents the minimum distance of the

constellation used in TCM. Another difference be-
tween TCBC and TCM is that the parallel transition
bits in TCBC are coded using codewords within the
sub-block code.

(ii) From Theorem 1, the maximum uniform partitioning
results in partitions with large cardinality for the
givendu, leading to smallm in the rate l

m
CC used

to build the code. Codes with smallm and high rate
are readily available from off-the-shelf designs [18],
which simplifies the TCB code construction.

(iii) The uniform distance helps in bounding the bit
error rate (BER) of the code, since all error events
for parallel transitions have the same effect on the
overallBER. For example, using the union bound
and the theory of multi-level coding (MLC) [19], it

can be shown that

PBSC
b ≈

k1BdCC
free

k
2d

CC
free [p(1− p)]

dCC
free
2

+
k2

(

n
d̃

)

k
pd̃(1− p)(n−d̃), (5)

PAWGN
b ≈

k1BdCC
free

k
Q





√

2dCC
freeR1Eb

σ2
n





+
k2Bd̃

k
Q





√

2d̃R2Eb
σ2
n



 , (6)

where k = k1 + k2 = nR, Q(x) is the standard
Gaussian tail function,BdCC

free
is the number of

neighbors of the trellis code at distancedCC
free, and

d̃ = mini dmin(Ci).

IV. A PPLICATIONS OFTCB CODES

In this section, four different applications of TCBC are
presented to demonstrate the usefulness of the proposed
codes.

A. FEC Codes Based on TCBC

The construction of codes for applications such as
deep-space missions, storage in magnetic/optical medium,
etc require very large minimum distance codes, so that
they can operate at very lowSNRs and/or the targetPb

is very small, of the order10−10. TCB codes provide
a systematic way for constructing codes with such large
minimum distance by choosing the right sub-set partition-
ing from the underlying parent code and a trellis code
whose minimum distance is the same or larger than that
of the uniform sub-set obtained from the partitioning.

As an example construction, a923 = 0.39 rate
TCB (23q, 9q, 12) code is built using the binary Go-
lay (23, 12, 7) code as parent code along with a rate
6
9 trellis code with dCC

free = 3 and constraint length
K = 7 (See Figure 3). Here,q is an integer> 1
which denotes the number of code-word sequences used
to build the long-length code. The asymptotic coding gain
from this new Forward Error Correction (FEC) code is
10 log10(

12×9
23 ) = 6.7 dB which is 1.5 dB higher than

the coding gainCL of the parent code. Figure 7 illustrates
the performance of this code with BPSK modulation over
an AWGN channel with a block length of1000 uncoded
bits. The coding gain of about6 dB relative to uncoded
BPSK is clear from the graph.

Similarly, one can construct a TCB(31q, 10q, 16)2
code of rate0.32, using the BCH(31, 11, 11) code as
parent code and a rate78 CC, offering an asymptotic
coding gain of10 log10(

16×10
31 ) = 7.12 dB. Thus, one

can construct FECs with a desired minimum distance and
rate by uniform sub-set partitioning of the LBC and using
a CC with the required constraint length and rate to build
the TCBC.
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Fig. 3. Encoder structure for TCBC-based FEC Using binary Golay
code(23,12,7).

B. Low Rate Quasi-Orthogonal TCB Codes

Low rate orthogonal (LRO) codes are used in the uplink
of a CDMA system, where they provide tolerance against
co-channel interferers. LRO codes have a rate of2−K ,
whereK is the constraint length of the code. They can
be considered as Hadamard codes indexed by the contents
of a shift register. Recognizing that Hadamard codes are
maximal uniform codes, LRO codes can be viewed as
TCBC with trivial uniform sub-set partitioning (i.e, with
1 element in each sub-code). That is, the contents of
a K-bit shift register selects a sub-set index, and the
corresponding row of Hadamard matrix is transmitted.

However, one can build a low rate quasi-orthogonal
code using the principles of TCBC. We describe such a
code construction for illustration, which has a coding gain
advantage as well as a rate advantage, when compared to
an LRO code of the same length. Consider a(16, 3.5)2
code constructed with quasi-Hadamard code-words by
concatenating Hadamard-8 (LRO-8 denoted asH8) and
Hadamard-4 (LRO-4 denoted asH4) code words as
shown below.

H16,12 =









H8 HT
4

HT
4

HT
4

HT
4 H8









The columns of this matrix can be treated as12 code-
words of length16 and can be partitioned into4 orthog-
onal sub-sets with3 elements in each. This code and
the uniform sub-set partitioning can be used to build a
(16q, 2.5q) TCBC, which provides a coding gain over
the LRO-16 code. For the above calculation of coding
gain of TCBC, a rate12 CC with dCC

free = 3 is assumed
and 1 trit is assumed to be equivalent to1.5 bits. In
the encoder, the output of the CC selects the sub-set
index and the1 trit input selects one of the3 code-
words in the selected sub-set. The coding gain of a
LRO-16 code is10 log10(8 × 4/16) = 3 dB. However,
with the proposed quasi-orthogonal code, one can get
10 log10(16 × 2.5/16) = 3.97 dB, i.e, an additional
coding gain of0.97 dB as well as a higher coding rate
( 2.516 instead of 1

16 ) compared to the LRO-16 code.

C. TCBC Based Lattice Codes

Lattice codes are capacity achieving coset codes for the
AWGN channel [20], obtained by set partitioning of a lat-
tice into cosets and using a trellis code to select the cosets.

Using the Lemma 3 in [9], one can associate a lattice with
every linear block code. Here, we illustrate such an8-
dimensional lattice code construction with a TCB(8q, 3q)
code that uses an extended Hamming(8, 4) code as parent
LBC and the QPSK constellation. The TCBC(8q, 3q) is
constructed using a rate23 CC whose output selects one of
the code-word pairs7, and one uncoded bit selects one of
the code-words in the pair. To construct the lattice code,
we need to partition both the lattice as well as the code-
words of the extended Hamming code. First, we partition
the extended Hamming code into pairs at the maximum
distance (̃d = 8) from each other as described above.
Second, the lattice is partitioned into32 sub-lattices with8
elements each. Since the QPSK constellation is employed
(4 consecutive QPSK symbols make1 lattice point in the
R

8 lattice), the total number of lattice points available
is 44 = 256. As an illustration, the coset-0 (lattice Λ)
in an 8-dimensional real vector space (R

8) is given by
{(s0,s0,s0,s0), (s0,s0,s3,s3), (s0,s3,s1,s1), (s0,s3,s2,s2),
(s1,s1,s1,s2), (s1,s1,s2,s1), (s1,s2,s0,s3), (s1,s2,s3,s0) },
where the modulation symbol mapping is given bys0
= (−1, 1), s1 = (1, 1), s2 = (−1,−1) and s3= (1,−1),
corresponding to the QPSK constellation points. It can be
verified that the minimum distance of the lattice (coset-
0) is 8. Although there are32 sub-lattices, only16 of
them are employed here for ease of implementation. In
the next section, a performance comparison between the
conventional (CC-based) lattice code and the proposed
TCBC-based lattice code is shown. The two codes use
the same set of sub-lattices and have identical data rates,
but it will be seen that the TCBC-based lattice code offers
a betterBERperformance.

The conventional lattice code is CC-based, and consists
of a rate3

4 CC followed by TCM which generates a code
with overall rate6

8 (see Figure 4a). Thus, the8 bits after
the CC are mapped to4 QPSK symbols represented by a
point in 8-dimensional lattice. In the above, an alternate
construction via a TCBC(8, 3) code was described, which
gives out the coset leads and3 additional bits select the
constellation symbols as in the conventional case (see
Figure 4b) (i.e.,8 input bits select the code-word to
be transmitted). The reason for the better performance
exhibited by the TCBC is that it is driven by a rate23
CC which offers a higherdCC

free than the rate34 CC in the
conventional lattice code. The performance comparison of
these two approaches is shown in the next section.

D. Space-Time TCB Codes

It turns out that some of the existing extended space-
time block codes (e.g., [15], [21]) can in fact be viewed as
TCB codes built based on theuniform sub-setpartitioning.
One such example is the super-orthogonal space-time
trellis codes (SO-STTC) [15]. In SO-STTC, a super set of
STBCs for multi-input multi-output (MIMO) systems is
found in order to improve the coding gain while achieving

7The uniform cosets for the extended Hamming code are given by
{0, 15}, {1, 14}, {2, 13}, {3, 12}, {4, 11}, {5, 10}, {6, 9} and{7, 8}.
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Fig. 4. Encoder structure for (a) CC-based and (b) TCBC-based lattice
encoders.

Fig. 5. Encoder for MIMO-TCBC using extended O-STBC as parent
code.

the full diversity. That is, an STBC is extended into a
super-orthogonal STBC super-set, and the super-set is
set-partitioned. The partitions are selected via a trellis
code and specific code word in a sub-set is selected by
additional data bits. Thus, an SO-STBC can be viewed
as a TCB code in the MIMO scenario. The super-set is
created by parametrization of the code-word; for example,
by adding an additional rotation in the Alamouti code
[22], the code is parametrized as

C(x1, x2, θ) =

(

x1e
jθ x2

−x∗
2e

jθ x∗
1

)

,

where settingθ = 0 leads to the regular Alamouti code.
Using this parametrization, all possible2× 2 orthogonal
code matrices can be created without increasing the
number of constellation alphabets. This forms the parent
code for TCBC, and is partitioned such that the diversity
order and coding gain are maximized in the sub-sets.
The code partitioning proposed in [15] in fact leads to
a uniform sub-setwith respect to the distance metric
d(c1, c2) = ‖c1−c2‖

2
F . On similar lines, Siwamogsatham

et al. parametrized the STBCs using unitary rotation
matrices and extended the STBC into a super-code [21].
This extended code is partitioned and used as an M-TCM
code. This partitioning for maximum diversity and coding
gain creates uniform sub-sets, and hence this code can
also be viewed as a TCBC-based on the extended STBC.

TABLE IV
PARAMETERS FOR THESERPERFORMANCESTUDY.

dTCBC
free dH(Ci) CC Rate CC Poly. K
4 4 1/2 [3; 7] 3
6 7 2/3 [7 4 1; 1 2 3] 3
7 7 2/3 [13 6 13; 6 13 17] 4

Another work that can be viewed as a TCBC con-
struction for MIMO is one where the extended-STBC
code is used to send auxiliary information bits, which
are transmitted along with the data bits without extending
the bandwidth or the constellation size. Figure 5 shows
the block diagram for such an encoder. It is shown via
simulations that the diversity available for data bits can be
made available for the auxiliary bits as well, by carefully
choosing the unitary rotation matrices. Moreover, this
method has additional advantage that it creates an STTC
[23] by connecting the orthogonal STBCs [24] with a
trellis generated by a CC. In the next section, this method
is shown to outperform the existing methods in terms of
the coding gain achievable.

V. SIMULATION RESULTS

In this section, Monte-Carlo simulation results are
presented to illustrate the performance gains due to the
proposed TCB codes.

A. Binary Symmetric Channel

To demonstrate the coding gain in a BSC, Monte-
Carlo simulations are performed with TCBC-based on
the Hamming(7, 4) code as the underlying LBC. The
encoder and decoder structures shown in Figures 1 and 2
are used to obtain a TCB(7, 3) code for various values
of dTCBC

free . The various LBC partitioning and CC codes
used for the simulations are listed in Table IV. Note that
the rate of the all the three codes is the same

(

3
7

)

, but
higher coding gain is obtained by the codes that have
higher trellis complexity. TheSERcurves are plotted in
Fig. 6. TheSER in these plots are computed using108

data bits with103 bits in each symbol.
TheSERperformance of the TCB(7, 3) with dTCBC

free =
4 is similar to that of the Hamming(7, 4) code since a
dTCBC
free of 3 or 4 will have roughly the sameSER. It

can be observed that the slope of theSERcurve matches
that of the theoretical curve (of a hypothetical code of
the same length and chosen minimum distance) more
closely at low channel cross over probability (equivalently
high SNR). A higherdH(Ci) improves the performance,
as expected. For higher channel cross-over probability
(equivalently lowSNR), the SERis worse than the theo-
retical number due to error propagation in the multi-stage
decoding (MSD). Finally, the several orders of magnitude
improvement inSERrelative to the parent LBC obtained
using the proposed TCBC is clear from the graph.
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Fig. 6. SERof TCBC (7, 3) using the Hamming(7, 4) code in BSC.
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Fig. 7. Comparison of CC and TCBC forR = 0.5,K = 4 with
example TCBC-FEC construction.

B. AWGN Channel

The performance gain from TCBC in the AWGN
channel is now demonstrated through Monte-Carlo sim-
ulations. The TCB and CC code-words are mapped
suitably to BPSK or QPSK symbols, and sent over the
AWGN channel. The performance the proposed codes are
compared with a CC code of the same rate and trellis
complexity. For benchmarking, theBER performance is
also compared with Turbo codes of the same length and
rate for two different number of iterations in the Turbo
decoder.

1) Comparison with CC Codes:Here, the TCBC is
compared to a CC with the same rate and trellis com-
plexity. The outputs of the CC and TCBC are encoded
as BPSK symbols and transmitted on an AWGN channel.
Figure 7 compares theBERof a rate0.47 TCBC against a
rate 1

2 CC withK = 4. The rate1
2 CC is generated using

the polynomials[17 13]. The Golay-TCB(23q, 11q, 12)
code is generated using the rate8

9 CC with K = 4 given
in [18]. It can be seen that the proposed code outperforms
the CC by0.5 dB at aBERof 10−5 for a block length of
1000 bits. Moreover, this code and CC achieve a coding
gain of about4.25 dB and3.5 dB respectively, relative to
uncoded transmission for a 1000 bit block length.
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Fig. 8. Comparison of the Turbo code(1000, 200) and Golay-TCBC
(920, 200)

2) Comparison with Turbo codes:For comparison
purposes, a rate15 parallel concatenated turbo code with
a block length of175 bits is constructed using a rate13
CC generated by the polynomials[7 5 3] in the systematic
form. This rate1

5 code is decoded using an iterative soft-
output-Viterbi-algorithm (SOVA) decoder [25]. Note that,
this turbo code can be considered as a(175, 35) block
code. For comparison, TCBC(161, 35) is constructed
usingq = 7 consecutive symbols of a TCBC(23q, 5q, 12)
(whose rate is slightly higher than that of the turbo code)
which is built based on the binary Golay(23, 12, 7) code.
The Golay-TCBC is constructed using the rate2

9 CC8.
The turbo decoder is run with10 and 100 iterations.
The BER and SER of the two decoders are plotted in
Figure 10. It can be observed that there is little difference
in performance of the turbo code and the TCB code for
10 iterations in the turbo decoder at anSER of 10−3.
Also, the TCBC performs less than0.5 dB worse than
the turbo code for 100 iterations in the turbo decoder at
the sameSER. Note that, the decoder of TCBC is non-
iterative and hence can be parallelized to decode with
low latency, which is not possible in the case of iterative
decoders. Thus, TCB provides an alternate coding and
decoding method with low latency which can perform
nearly as well as turbo codes in AWGN, when the symbol
size is of the order of a few hundred bits. Figure 8 shows
the performance of the turbo code(1000, 200) for 10
iterations and Golay-TCBC(920, 200). It can be observed
that performance gap is about1 dB.

3) Comparison with CC-based lattice codes:Figure 9
compares theBER performance of a CC-based lattice
code and a TCB based lattice code constructed as ex-
plained in the previous section. Both codes are rate6

8
codes, and theBER of uncoded-QPSK is also plotted
for comparison. The TCB-based code outperforms the
CC-based lattice code, for the same trellis complexity
and using the same lattice partition inR8. The CC-
based lattice code comprises a(4, 3) CC generated using

8CC(9,2) is defined by the polynomials
[6, 3, 7, 6, 3, 7, 6, 3, 7; 3, 10, 17, 3, 10, 17, 3, 10, 17].
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Fig. 9. Comparison of the CC-based and TCBC lattice codes(8, 6).
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Fig. 10. Comparison of Turbo code(175, 35) and Golay-TCBC
(161, 35)

polynomials[0 2 1 3; 2 1 1 3; 3 2 2 2] with K = 6,
dCC
free = 4 and TCB-based lattice code comprises a(3, 2)

CC generated using polynomials[ 3 6 7; 14 1 17] with
K = 6, dCC

free = 6. The lattice code is generated inR8

using QPSK constellation points. The lattice code-words
are transmitted over an AWGN channel and decoded
using the CC-based lattice decoder and TCB-based lattice
decoder, respectively. In both decoders, the coded bits
are recovered using a standard Viterbi decoder and the
uncoded bits are recovered using a minimum distance
decoder.

C. MIMO Rayleigh Fading Channel

To demonstrate the performance gains in a fading
channel, comparison is made with the regular STBC and
a space-time TCBC based STTC using a2 transmit and2
receive antenna communication system. Figure 11 shows
the BER performance under Rayleigh block-fading con-
ditions. In this simulation, the Alamouti code [22] using
8-PSK constellation symbols, (i.e., the auxiliary bits are
made part of the data by increasing the constellation size)
is compared with the MIMO-TCBC using QPSK symbols
and 2 bits sent as auxiliary bits per O-STBC symbol.
Thus, both methods send data at the same rate, and are

compared at the same power level. In this simulation, a
rate 2/5 convolutional code defined by the polynomials
[1 0 2 0 4; 0 1 0 2 0] is used withK = 4. A cyclic
group of unitary precoding matrices with32 elements is
used asTn’s. Figure 11 shows the comparison ofBERas
function of SNR. It can be observed that theBERof data
and auxiliary bits shows more than3 dB coding gain as
well as a fourth order diversity when compared to regular
Alamouti STBC.
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Fig. 11. Comparison of MIMO-TCBC and Alamouti Code forNt =
Nr = 2, with 8-PSK symbols.

VI. CONCLUSIONS

In this paper, a new algebraic structure of binary linear
block codes (LBC) was presented and a new family
of codes referred to as trellis coded block codes was
introduced, which can be used in discrete as well as
continuous channels. The procedure developed here can
be used to obtain a coding gain starting from any LBC.
It was shown that, at a small loss in the rate (1

n
), the

BERperformance can be improved relative to the parent
code. Such codes could come in handy when one needs to
design codes with short length and low decoding latency.
This is made possible via the uniform sub-set partitioning
of block codes. A simple encoder/decoder structure which
uses an off-the-shelf block encoder and a Viterbi decoder
was proposed. It was shown that the proposed decoder
is a maximum likelihood sequence detector. Analytical
expressions for bounds on theBER performance of the
TCB code were obtained based on the theory of multi-
stage decoding. It was also shown that using the proposed
decoder structure, the latency of decoding can be made
significantly smaller than the length of the block code.
Moreover, the non-iterative decoder for the TCBC enables
parallel hardware implementation. Four different applica-
tions of the proposed TCBCs were provided to illustrate
their utility in practical systems. Finally, Monte-Carlo
simulation results demonstrated the performance gains in
BSC, AWGN and MIMO fading channels. A limitation
of the TCBC is that depending on the size of the parent
LBC, one could require a high rate CC with largel and
m, which may not be available in off-the-shelf designs.
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Future work could explore the use of iterative techniques
to improve the performance of the TCBC decoder and
extension of the TCBC for non-binary block codes.

APPENDIX

A. Proof of Lemma 2

LetC0 be a linear uniform code with distancedu. Since
C0 is non-trivial and linear, there existc0, c1, c2 ∈ C0

such thatc2 = c0 + c1 andci 6= 0 for i = 0, 1, 2. Now,
the Hamming weight ofc2 is can be expanded as follows:

WH(c2) = WH(c0) +WH(c1)− 2WH(c0 ∗ c1) (7)

Since the Hamming weight ofc0, c1 andc2 are all equal
to du, the above equation simplifies to

du = 2[du −WH(c0 ∗ c1)], (8)

and hencedu is even. Moreover,WH(c0 ∗ c1) = du/2.
To show the converse, letC0 be a uniform code with
du = 2WH(c0 ∗ c1). Then,

WH(c0 + c1) = 2[du −WH(c0 ∗ c1)] = du, (9)

and hencec2 ∈ C0. This proves thatC0 is linear with
respect to the code-wordsc0, c1, c2.

B. Proof of Lemma 3

Consider the sumc0 + c1 + c2. Using Lemma 2, one
can write

WH(c0 + c1 + c2)

= du + du − 2WH(c0 ∗ (c1 + c2))

= 2du − 2WH(c0 ∗ c1 + c0 ∗ c2)

= 2[du − du + 2WH(c0 ∗ c1 ∗ c2)]

= 4WH(c0 ∗ c1 ∗ c2) (10)

which shows that ifWH(c1 ∗ c2 ∗ c3) = 0, then c0 =
c1 + c2. For the converse, letc2 = c0 + c1. Substituting
for c2, we get

WH(c0 ∗ c1 ∗ c2) = WH(c0 ∗ c1 + c0 ∗ c1) = WH(0),

which establishes the result.

C. Proof of Lemma 4

First, we show that a non-trivial uniform sub-code
Cu ⊂ F

n
2 exists with distancedu given in (2) and then

show that a linear subsetCF
0 can be obtained from this

sub-code. LetMn=4k+i denote the cardinality of the
uniform set with code-words of lengthn = 4k + i for
various integer values ofk ≥ 1, andi = 0, 1, 2, 3. Since
Hadamard matrices exist forn = 1, 2 and4k [26], there
exist uniform codes with distancedu = n/2 with atleast
n code-words for these values ofn. That is,M4k ≥ n
anddu = n/2. Moreover, the Hadamard code has the all
zero vector as one of its columns. Hence, the Hadamard
code can be shortened by1 bit corresponding to the all
zero column, without loss of the distance properties of

the code. This implies thatM4k+3 ≥ n and du = n+1
2 .

Whendu = n+1
2 , the Plotkin bound

MPlotkin ≤ 2

⌊

du
2du − n

⌋

,

is known to achieve the equality for uniform codes [27],
and thereforeM4k+3 = n + 1. To compute a bound on
the cardinality forn = 4k + 1, consider appending any
non-zero column of the Hadamard code forn = 4k to
the same code. The appended code hasn code-words
with code length(n + 1). Since each column of the
Hadamard code hasn/2 non-zero values,n/2 code-
words of the extended code withn = 4k + 1 have
du = n−1

2 . Thus,M4k+1 ≥ n
2 . To compute the cardinality

for n = 4k + 2, consider the1 bit shortened code from
n = 4k + 3. From Theorem. 2 in [28], it follows that
M4k+2 ≥

⌈

duM4k+3

n

⌉

=
⌈

n+1
2

⌉

and du = n+2
2 . For

n ≥ 4, this lower bound is≥ 2. Thus, we have shown
that a uniform sub-code ofCu exists with even-valued
du given by (2) and that the cardinality of the sub-code
is at least2 for k ≥ 1.

Now, consider any two non-zero code-words and their
sum. This creates a non-trivial uniform code. Moreover,
c0, c1, c0 + c1 and 0 can be used to formCF

0 , which
is now a non-trivial linear uniform sub-code ofFn

2 with
uniform distancedu given by (2). Therefore,CF

0 has a
cardinality of atleast4 including the all zero code-word
0. Hence, the dimension of the vector space spanned by
CF

0 is at least2.

D. Proof of Theorem 1

We first prove (i). Note thatC0 is linear and its cosets
tile C, asC0 is an intersection ofC and a linear set. Let
Cmax

0 represent a subset ofC that is both linear and a
maximal uniform set, and has the same uniform distance
asC0. Then, there exists a unitary transform between the
basis vectors ofCmax

0 and C0. Therefore, without loss
of generality, we can transform the code words inCmax

0

such that it forms a superset ofC0 and preserves the
uniform distance property. That is,C0 ⊆ Cmax

0 . Then,
if |C0| < |Cmax

0 |, there exists atleast one coset ofC0

such that its union withC0 preserves the uniform distance
property. This can be achieved by picking any code word
c ∈ Cmax

0 , c /∈ C0. Now, c + C0 forms a coset ofC0

and the coset belongs toCmax
0 since it is linear. Thus,

C0 ∪ (C0 + c) is still a linear uniform set. One can now
repeat this procedure of combining the cosets ofC0 to
obtainCmax

0 .
The bounds on the cardinality ofC0 in (ii) follow from

the arguments presented in the proof of Lemma 4. The
lower bound follows sinceC0 is a non-trivial uniform
set. The upper bound follows from the Plotkin bound and
using the fact that the number of elements is a power of2.

To show (iii), it can be seen from (7) in the proof of
Lemma 2 that

WH (c0 + c1 + . . .+ cj∗) =

j∗
∑

k=1

2k(−1)k+1

(

j∗

k

)

du
2k

,

(11)
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where the first2k arises because of the number of levels
of the recursive expansion of the Hamming weight using
(7), and the2k in the denominator arises because of the
conditions in (3) and (4). Since

∑n

k=1(−1)k+1
(

n
k

)

= 1,
the above summation equalsdu. This shows that the Ham-
ming weight of the sum ofc0, c1, . . . , cj∗ is du. Using
a similar procedure, we can show the uniform distance
property of any linear combination of the code-words
c0, c1, . . . , cj∗ . The cardinality of the set comprising all
linear combinations of thesej∗ + 1 vectors is2j

∗+1.

E. Proof of Lemma 5

Let XN ∈ CL be code sequence of lengthN = nL
generated by a TCB encoder. LetYN be the received code
sequence after possible corruption by noise. The signal
model forYN is given byYN = XN ⊕ ZN , whereZN

represents the noise sequence and the operator⊕ repre-
sents the XOR operation in the BSC and real/complex
addition in the AWGN channel.

The MLSD decoder chooses a sequenceX̂N such that
X̂N = argmaxXN

Pr(YN |XN ). For a given channel
error probability, the MLSD decoder will pickXN which
differs from YN in the least number of bit positions
(or Euclidean distance for the AWGN channel). Since
XN is a concatenation of code-words from the parent
code, and the noise samples are i.i.d., one can write
Pr(YN |XN ) =

∏L
i=1 Pr(y

i
n|x

i
n), where yi

n and xi
n,

1 ≤ i ≤ L are the individual code-words used to construct
YN andXN , respectively.

The TCB decoder employs minimum distance decoding
to decide on the individual code-wordsxn once the
sequence of sub-code indices are known from the Viterbi
decoder. Hence,Pr(yi

n|x
i
n) are maximized by the TCB

decoder for everyn-tuple. Moreover, note that the Viterbi
decoder finds the maximum likelihood sequence of sub-
code indices. Hence, we need to only show that the branch
metric used for the Viterbi decoder is optimum. Recall
that the branch metric used for each transition of the
trellis is the smallest distance of the receivedn-tuple
yn from each of the uniform sub-codes. Letxn ∈ C
be the codeword that is at the least distance fromyn.
The minimum distance betweenxn andyn is the same
as the minimum distance between the closest codeword
to yn in Ci, the sub-code containing the code-wordxn.
Hence, the chosen branch metric is optimum in the sense
of maximum posteriori probability, and the decoder is an
MLSD decoder.
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